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To add to the number of the Treatiſes 
already publiſhed on this ſubject, many of 
which are excellent, may, perhaps, be con- 
ſidered as oftentatious and unneceſlary ; 
v-herefore it is in forme degree requilite to 
ſay a few words, as to the neceſſity of the 
following work, and in explanation of the 
motives which induced the Author to pre- 
ſent it to the Public, 

Long experience has ſufficiently convinced 
him, that ſomething might be offered as an 
introduction ro Mathematics, more happily 
adapted to the convenience and capacity of 
learners, than has hitherto appeared ; par- 
ticularly to thoſe whoſe time and condition 
forbid them to enter at large into. the 
ſcience: and, as that work which is com- 
prehended with the leaſt difficulty muſt be 
moſt advantageous to perſons juſt entering 
upon any particular branch of learning, the 
Author is perſuaded this Treatiſe, in which 
the principles of Geometry are laid down in 
a manner new and familiar, and from ex- 
perience, found to be intelligible even to 
weak capacities, muſt obtain a reception as 
favourable as he truſts its de/ign is uſeful. 

_ To convey to young and tender minds 
the principles of a ſcience, which depends not 
| | b only 
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only on the moſt critical demonſtration, but 
requires at leaſt moderate abilities to under- 
ſtand, muſt be a taſk of ſome difficulty and 
application; to put, therefore, into the 
hands of youth, or even of more adult, but 
inexperienced perſons, ſome Treatiſes on 
this ſubject already publiſhed, which, how- 
ever learned and ingenious, are caleulated 
only for perſons of like learning and inge- 
nuity with their authors, muſt tend to re- 
tard ths progreſs of thofe whoſe advance- 
ment we wiſh to accellerate. 

To remove this difficulty, the Author has 
particularly applied himſelf ; and, he flat- 
ters himſelf, it will be found he has treated 
the ſubje& with that familiarity of expreſ- 
ſion, and perſpicuity of demonſtration, 
which will enable the young beginner to 
advance more ſpeedily towards knowledge, 
than he poſſibly could do by the mode of 
inſtruction neceſſarily adopted from the 
ſyſtems laid down in the treatiſes generally 
uſed ; wherefore, this work may he found 
equally uſeful to the Teacher and the Pu- 


It is, however, by no means the Author's 
intention to depreciate the valuable publi- 
cations of former writers, from whom he 
acknowledges to have ſelected many uſeful 
materials in the compilation of this Trea- 
tiſe; Euclid in particular, whom be had 
principally in view, and the many editions 
of his work by Barrow, Simpſon, Cunn, 
Whifton, &c. which will be held in eſteem 


while 
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while Mathematics ſhall be thought worthy 
our attention and regard. What is now 
offered, is calculated only for the purpoſe 
already mentioned, an introduction to the 
more extenſive writers ; yet, made to exhi- 
bit ſufficient inſtruction to thoſe who have 
not time or opportunity to peruſe them : 
for, to begin the ſtudy of the ſcience in 
ſuch, the Author, in many inſtances, has 
experienced tu be exceedingly toilſome, 
and almoſt ſufficient to diſcourage a learner 
from further purſuits. 
. In a work, therefore, of this nature, the 
learned reader is not to expect, that mat- 
ters ſhall be treated in a manner only ſuit- 
able to his ſuperior capacity, the whole be- 
ing adapted chiefly for the information of 
young and tender minds, the ſtyle is con- 
ſequently familiar, and the manner eaſy. 
An experienced reader, already well ac- 
quainted with the ſubject, might, perhaps, 
object * — — given to ſimilar fi- 
es. Thus we fay, ** /milar. or - 
one figures are ſuch as — all — 
in one figure equal reſpectively to thoſe of 
the other, and that, whether the ſides be 
equal or not.“ Such a reader might ſay, 
it ſhould alſo be mentioned, that the ſides 
about the equal angles were proportional; 
in this the Author agrees, and acknow- 
ledges the definition would, by the addition 
of ſuch words, be more compleat : but, 
when it is confidered that the perſons for 
whoſe uſe this definition was chiefly in- 


tended, underſtand nothing of proportion, 
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the inſertion of theſe words would render 
that obſcure, which, without them, has 
been found intelligible even to a child. The 
like may be obſerved reſpecting the defini- 
tion of a ine, ſurface, &c. which are here 
conſidered, not as magnitudes in themſelves, 
but, as ſeparate properties of magnitude; 
which term, it is hoped, has not improperly 
been applied to a ſolid only, and, without very 
great offence to an underſtanding geometri- 
cian, may be ſo conſidered, becauſe, having 
theſe three properties, viz. length, breadth, 
and thickneſs; of which the Author has 
conſidered the line as the firſt, the ſurface 
the ſecond, and the third inherent in the 
ſolid itielf. At times, when he defined 
each as a magnitude in itſelf, as indeed 
each 1s = ſo eſteemed, he found 
young minds confuſed with the definition, 
and therefore to make it intelligible to ſuch, 
was neceſſitated to give up a little, whereby 
the definition, as it now ſtands, became 
perfectly intelligible. However, theſe mat- 
ters are obviated in the progreſs of the 
work; for the young pupil, as his under- 

ſanding improves, will of himſelf per- 
ceive, and become able to ſupply any de- 
ficiency that may ariſe from the above- 
mentioned circumſtances ; and, as a further 
apology to a learned reader, the Author begs 
leave to refer him to the obſervation on def. 10, 
page 5. „e "a 4 . 
With reſpect te the plan of the work it- 
ſelf, it is divided into three parts; in the 
firſt, every term in the ſcience, neceſſary 
205 for 
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for the knowledge of it, is explained, the 
definition of each term is given indepen- 
dently, and where it appeared neceſſary, an 
explanatory note is added, in order to fix it 
more permanently on the mind. This me- 
thod of ſeparating the deſinition from its 
explanation, the Author has experimentally 
found to be exceedingly neceſſary, having 
had many capacities to deal with not able 
to underſtand the definition in itſelf, how- 
ever ſimple: to clog, therefore, the deſi- 
nition with its explanation, made it im- 
poſſible for ſuch an underſtanding to ſepa- 
rate the one from the other; for which 
reaſon it became neceſſary to give the ex- 
planation ſeparately, and he hopes he wilt 
ſtand excuſed, if in theſe explanatory ob- 
ſervations he has, for the convenience of 
his uninformed readers, whole intereſt he 
has had chiefly at heart, enlarged ſome- 
what more than to others might ſeem ne- 
ceſſary, eſpecially when it is conſidered, 
that he who is ignorant of the terms, muſt 
remain ignorant of the art itſelf. © And thoſe 
definitions being introductory to, and, as 
it were, the ground-work of ' the whole 
ſuperſtructure, without rendering them per- 
fectly intelligible, familiar and eafy, all 
further attempts towards improvement 
would be not only laborious, but ineffec- 
tual. | r 

In the ſecond part is contained the prac- 
tical problems; and here the Author has, 
contrary to the mode uſually purſued, pur- 
poſely omitted the demonſtrations of each 
ET problem. 
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problem. "Theſe he generally made even- 
ing exerciſes for his pupils, who daily pro- 
duced a problem neatly drawn, and at the 
foot of it a demonſtration, the reſult of 
their own knowledge of the theoretical or 
third part; and, for their aſſiſtance in this 
particular, reference is made at the foot of 
each problem to the theorem, &c. whereon 
the proof depends. The pupil, by being 
thus able to draw the proof himſelf, be- 
comes grounded in the knowledge of the 
fcience more certainly than he could be, by 
reading the beſt proof that could be laid 
before him by another. But here care 
muſt be taken by the teacher, that the ar- 
guments he ufes be properly founded, as 
the young pupil may poſſibly err in a few 
problems at the beginning. 

In this part, if time will not permit the 
pupil to go through every practical pro- 
blem, the whole not being abſolutely ne- 
ceſſary at his entrance upon any mathema- 
tical branch, the teacher may, in that caſe, 
eaſily ſelect ſuch only as are neceſſary for 
his immediate uſe, and leave the remainder 
to be done in the evenings, as above re- 
commended, whereby the whole proble- 
matical part will be perfectly underſtood. 
The like may be obſerved with reſpect to 
the definitions, they being very numerous, 
before the ſecond part is entered upon ; or, 
if the pupil ſhould be very much ſtinted 
in time, he may begin the problematical 
part at once, and, as the geometrical terms 
appear in each problem, he may 2s 

own 
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down its definition from the firſt part, and 
in that manner ſtudy each as it occurs. 
But it muſt be obſerved, that before he 
can enter upon the third or theoretical part, 
it is abſolutely neceſſary that a few practical 
problems of the ſecond part ſhould be 
known, viz. the 1ſt and 2d, the 4th to the 
roth, the 12th, 16th, and 2oth; and, as 
ſoon as he is capable of underſtanding the 
firſt 16 theorems, which include all the 
uſeful propofitions in Euclid's firſt book, 
he may begin, but not before, to demon- 
ſtrate the practical part ; and then he muſt 
undertake only ſuch problems as, in their 
proof, ſhall depend upon thoſe theorems, 
omitting the others, until he becomes more 
advanced in the theory, In this manner, 
under a proper tutor, the knowledge of 
Geometry will become eaſy and entertain- 
ing; the pupil, from thus purſuing the 
ſcience, will be able to apply his know- 
ledge of the theory to practice; and ſhould 
new matter be ſtarted to him at any time, 
he will, from his knowledge of the theory, 
&c. be able to trace its principles, and in- 
{tantly perceive the truth or falſity of it. 

In the third part is contained many uſe- 
ful theorems ſelected from various writers, 
viz. Euclid, Robertſon, Harris, Dogherty, 
&c. &c. but from Euclid in particular, theſe 
follow nearly in the ſame order in which 
they are found in him, every where omit- 
ting the practical problems, becauſe they 
are arranged in the ſecond part. Beſides, 
the number of each problem, 8 

ere 
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there is placed a reference to the number of 
the problem, book, &c. in Euchd, where- 
by the reader may refer thereto, if his cu- 
rioſity ſhould lead him ſo to do. In the ar- 
rangement of theſe theorems, the Author 
has been particularly attentive to the ſecond 
book of Euclid, which he has demonſtrated 
after Tacquet's. method, on the line only, 
and annexed to each theorem a demonſtra- 
tion in general terms; and alſo, every uſe- 
ful corollary with its demonſtration. He 
has been thus particular in this part of the 
work, for the advantage and convenience 
of the Students of Trinity College, many 
of whom were his pupils both before and 
fince their entrance. Particular care has 
been taken, as to the number and figure of 
each theorem, which are the ſame as in 
Whiſton, whoſe edition of Euclid the Author 
has prefered, as being the one chiefly uſed 
in the College. The great reſpect he en- 
tertains for the members of that ſeminary, 
and his gratitude for the many inſtances of 
friendſhip he has experienced from ſome of 
the moſt diſtinguiſhed in the number, made 
him anxious to render them every ſervice 
in his power : if he has, in any degree, con- 
tributed to their advantage in this work, 
he will think his labour amply rewarded. 

To conclude. His endeavours have been 
to promote inſtruction, by making it eaſy 
and agreeable, and to render the road to 
mathematical learning more ſhort and pleaſ- 
ing than it has been generally found. 
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The following Subſcribers Names came too late to be 
inſerted in their proper Places. 


Thomas Wildridge, 
John Peter Kemble, 
Charles Tottenham, Eſq. 
William Semple, 2 books, 


John Fitzakerly. 
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The Reader is requeſted to alter witch his Pen, the 


following ERRA TA, beſore he begins. 


Page Line 


9 
9 


11 
19 


90 
96 


5 For, FBGD is the ſupplement of AF, 

read AF i the ſupplement of FBGD. 

10 For, GAGB or BFDEG, read GDGB 
or BF TEG. 

21 For, fbcd, read de. 

24 For, either acute, or obtuſe angled, read 
either right, acute or obtuſe, Cc. 

19 For, quadrilateral figure, read ęarallelagram. 

7 For, perpendicularly and parallel, read per- 
pendicularly to C D and paralicl, We. 

28 For, equal parts, read tw equal parts. 

4 After increafed, inſert angles. 

6 For, but on the oppoſite ſides, read but at 
oppoſite parallels, and on the oppoſite, Ic. 

5 For, with another; it, read wh another of 
like denomination, fc. 

7& 20 For, and any quantities between which 
it is placed, read and cen placed between 
any quantities. 

1 For, one fide are ſaid to be equal, read one 
fide of the fign of equality (=) are ſaid to 
be equal. 

9 For, def. 13, read def. 15. 

31 For, theo. 38*, read theo. 39“. 
20 For, def. 3, read def. i 3. 
25 & 26 For, which equal, read which male equal. 
27 For, AD, read AB. 
4 For, draw the lines, read through the points 
B, C, and G, draw the lines, 
1 For, ABCD, read AC BD. 
14 For, E F, read DF. 
2 For, D, read d. 

3 & 4 For, ab and ad, read Bb and Bd, 

8 For, Ebd, read e Bd. 

8 Dele (cor. 42, Euc. lib. 1.) 


In the courſe of printing the work, the 23d theo. page 160, 
was inſerted, which has occaſioned an error ſinular to the above 
in the references to the theorems from the 23d upwards, from 
page 56 to 160; but, from page 160 to the end, all references 
are right. 


C 


Page Line 

100 1 For CHF, read GH F. 

101 14 For, (per. theo. 38,) read / per cor. 2, theo. 39.) 
108 1 Inſert the words (14 Euc. 4b. 2 

109 16 For, c, read C. 


I22 


125 
126 
127 
131 
133 
134 
135 


136 


137 
147 


149 
151 


152 


160 


177 


182 
184 


187 
192 


* 


26 & 27 For, more than, viz. the other propor- 


tions, read more than the other proportions, 
VIZ. 
2 For, (fig. 68) rea 4 (fs, 67, No. 2.) 
18 For, bFc, read d 
24 For, ab, read db. 
28 For, included fide AC, read included fide A. 
7 For, on both circles, read in both circles. * 
12 For,  A=/{ C, read | A= B. 
8 For, L AC D, read J. ACB. © 
Theo. 8, the reference to the fig. is want - 
ing; obſerve the like at theo. 9, and ſome 
others; but, as the number of each theo. 
prob, &c. and number of the figure in the 
plate is always the ſame, the error is there - 
fore not ſo material. 


3 & 4 For, d and e are on the ſame ſide, &c. 


read d and e on the ſame fide, &c. 
29 For, nine, read ten. 
30 For, fix, read ſeven. 
19 For, Al, read BI. 


laſt line, For, O of the other part CB, read (7 of 


the part CB. 

9 For, (per theo. 7, and 17 Euc, lib. 2.) 
read / per theo. 17, and 1 Euc, lib, 2.) 

9 For, equally, read unequally. 


20 & 21 For, under the whole ſeeant, and part, &c. 


read under one ſecant line and part. 

25 For, 16 Euc. lib. 6, read 1 Euc. lib. 6. 

32 For, AADE: ADEB:: A ABE: A 
EDC, read A ADE: A DEB: A 
ADE: AEDC. 

27 For, {'d, read L. d. 

28 For, within the circle, (by, &c. read 
within the circle, or (by, &c. 


Mathematical Principles. 


PAR T I. 


GEOMETRICAL DEFINITIONS. 


A DEFINITION, is a clear de- 
ſcription of any thing from its particular 
parts, ſo, as to fix an idea or image 
thereof on the mind, leaving it in no 


doubt of its form or properties. 


2. Geometry, is that ſcience which 
conſiders the properties of magnitude, 
that is, of any body, capable of being 
encreaſed or diminiſhed. 


Geometry is both ſpeculative and practical; the 
former, conſiders the order and mutual dependance 
of the properties of magnitude; and the latter, ap- 
plies them to the uſeful purpoſes of life. In magnitude 
or continued quantity, are to be conſidered three dimen- 
ſions, viz. length, breadth, and thickneſs : wherefore, by 
geometry is taught the properties of lines, angles, ſu- 
perficies and ſolids. 


B 3. A 


1 
3. A point, is the beginning, or firſt 
principle of magnitude; it is without 
parts, conſequently indiviſable, 
as A. fig. 1. 


A point is ſo infinitely ſmall, as not to be divided 
even in thought. However impoſſible ſuch an idea 
may appear to any one, yet, ſuch a notion is very 
neceſſary in geometry, for without it there is no 
proceeding: and although there is not in nature 
ſuch a thing as a mathematical point, yet, there exiſt 
things capable of extenſion, which may be treated 
as if not made up of parts, therefore uſed only as 
ſimple marks without any magnitude. Thus a ſtar, 
which we perceive at night, may be conſidered as a 
point of this kind ; for, although it may have parts, 
yet they being ſuch as we cannot ſeparate, the ima- 
gination may therefore change this into a reality 
which does not exiſt ; and, indeed, Geometricians 
have a right to adopt ſuch notions, as they ſerve to 
make their ſpeculations more intelligible. 


This point, in practical Geometry, is repreſented by the 


Point of a fine pencil, drawing-pen, or point of your 
compaſs, Tc. 


OF LINES. 


4. A line, 1s the firſt property of mag- 
nitude; it has one dimenſion only, 


viz. length, 
as AB. fig. 2. 


A line may be conceived to be produced from 
the flowing or motion of a point in any direction; 
which point, becauſe it is without dimenſions, cannot 
produce any, except that which ariſes from its mo- 
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tion, viz. length; and, becauſe. this motion may 
vary: hence there ariſe different ſpecies of lines, as 


$5. A right line, is the ſhorteſt that 
can be drawn between two points, 
which points always terminate the line, 

as AB. fig. 2. 


That is, when the flowing, or moving point, moves 
in a ſtraight, regular, and unvariable direction; and, 
if your eye be conceived to be in the continuation of 
that direction, the two terminating points would cover 
or hide from your eye the whole line. And obſerve, 
if one right line be laid upon another, and, at the 
ſame time, the extreme points of both lines fall upon, 
and agree with each other, thoſe lines, from their 
thus agreeing, are ſaid to be equal to each other. 


6. A curved line, is not the ſhorteſt 
that can be drawn between two points, 
| as BC, or DE. fig. 3. 


That is, when the flowing point moves in a varied 
direction; and in that caſe, let the eye be placed in 
what ſituation you pleaſe, the terminating points will 
not prevent your ſeeing ſome part of the line. 


A line is always expreſſed by two letters, one at each 
of its extreme points, as AB, (fig. 2.) and lines are 
always eſtimated in inches, feet, yards, c. that is, a a 
line may be 16 inches, 50 feet, fc. long. There are 
ſeveral denominations of lines, each of which ſhall be de- 
fined in their proper places. 


OF SURFACES. 


7. A ſurface or ſuperficies, the ſecond 
property of magnitude, is the outſide 
B 2 or 


1 


or term only, but no part of the body, 
or ſolid: it has two dimenſions, viz. 
length and breadth; it is bounded by 
lines, | 
| as ABCD. fig. 4. 


A ſurface may be conceived to be produced from 
the flowing, or motion of a line; and as a line is 
without breadth, it cannot therefore produce thickneſs, 
conſequently it is no part of a ſolid, but only its term 
or boundary. From its length, ariſes the breadth 
of the ſurſace, and from its motion (contrary to the 
continuation of itſelf ) the length. And, becauſe 
this motion of the line may vary ; hence ariſes dif- 
ferent ſurfaces, as 


8. A plane ſurface, or a plane, is that 
which lies evenly between its extreme 
lines; and, if a right line or the edge 
of a ſtraight rule be laid any where up- 
on it, it will every where touch it, 

as AB C D. fig. 4. 


That is, a plane is a regular and even furface, pro- 
duced from the flowing or motion of a right line, 
as AC (fig. 4) in a ſtraight and unvaried direction 
along the line CD; and, becauſe it is thus formed, 
the terms, or bounds of it, muſt be lines. Again, if 
your eye be conceived to be in the continuation of 
that direction, that is, of the line CD, in that caſe, 
the deſcribing line AC, would cover, or hide from 
your view every part of the plane, and repreſent to 
your eye only one line; and this motion would only 
appear by its approach to, or receſs from, your eye; 
that is, during its approach it would appear to lengthen, 
and in its receſs to grow ſhorter. 


9. A 
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9. A curved ſurface, is that which 
does not lie evenly between its extreme 
lines, conſequently it differs in every 
reſpect from the plane ſurface, 

as A or B. fig. 5. 


For, it is produced from the flowing line moving 
in a variable direction. In a curved ſurface, the flow- 
ing line, may be either a curved, or a right line; 
as the ſurface A or B may be produced from the mo- 
tion of the right line @ &, along the curved line ac ; 
or, by the curved line ac, along the right line a6. 
Again, the curved ſurface A BCD (fig. 5 is formed 
from the motion of the curved line BAD, or BCD, 
round its extreme points B, and D, as fixed. 


10. An irregular ſurface, is that 
which hath no uniformity in it, but is 
compounded of the plane and the curve 
together, . 

as C. fig. 5. 

Regular ſurfaces, are expreſſed by letters placed one 
at each corner *, az AB CD, (fig. 4) or, for brevity, 
by two letters at the oppoſite corners, as AD or CB; 


either of which latter expreſſions wwill be more convenient 
than the other. 


* The word angle would here, perhaps, be more proper; 
but, as an angle is not yet defined, it would not be fo plain to 
ſome readers; nor ſhall I, as I proceed; make uſe of any term 
or _ I can avoid, until it is firſt explained or introduced in 
its order. 
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OF SOLIDS. 


11. A ſolid or magnitude, is that 
which hath three dimenſions, viz. length, 
breadth and thickneſs. 
as ABCDEFGH, or AB CD. fig. 6, & 7. 


Solids in general may be conceived to be produced 
from the motion of a ſurface in any direction; they 
are therefore bounded by one or more ſurfaces, and 
are variouſly denominated, according to the form 
and motion of the ſurface which produces it : thus, 
the folid ABCDEFGH (fig. 6) is produced from 
the motion of the ſurface DE, along the ſurface 
GE, in an upright poſition, and from this parallel 
and even motion, it is called a parallelopipedon ; and 
the ſolid ABCD (fig. 7) being produced from the 
motion of the plane ſurface A BC round itſelf upon 
the line AC, its axis, is called a globe or ſphere, &c. 


T he various ſolids produced from the motion of different 
ſurfaces are too numerous to mention here; but will be 
particularly treated of before Spheric Trigonometry “, 
which will make a ſecond part io this work. 


OF FIGURES AND THEIR LINES. 


12. A figure, 1s a bounded, or limited 
ſpace. | 


The author, according to the encouragement he receives 
for this publication, means to publiſh two volumes more, one 
on plain and ſpherical trigonometry, the other on navigation 
and fortification, &c. 


A figure 
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A figure is generally expreſſed by one letter placed 
within it, as A, B, C, D, &c. (fig. 8.) 


13. A plane figure, is a plane ſurface 
bounded by one or more lines, 
as A,B, C,D,E,F,G. fig. 8. 


14. A circle, is a plane ſurface, 
bounded by one uniformly curved line, 
called its circumference, which 1s every 
where equally diſtant from a point (C) 
within it, called its center, 

as ABCDE. fig. g. 


The circle may be conceived to be produced from 
the motion of the right line CD (fig. 9) on a plane, 
round one of its extreme points fixed, as C, which 
point, from its being fixed, gives the center; and 
the other extreme point D, during its motion, forms 
the circumference. From this formation of a circle 
it will not be difficult to underſtand, that all lines 
drawn from the point C, (or the center,) to its cir- 
cumference, will be equal; for it is clear, they muſt 
all be equal to CD, the line with which the circle was 
deſcribed. 


15. The radius, of a circle, is a right 
line, drawn from the center of the 
circle to its circumference, 


as CA, CB, or CD. fig. 10. 


As the center of a circle is every where equally 
diſtant from the circumference, hence all radii of the 
ſame, or of equal circles, are equal. See remark to 
definition 14. 


16. The 
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16. The diameter, of a circle, is a 
right line drawn from any point of 
the circumference to another, paſſing 
through the center, 

as AD or BE. fig. 10. 


The diameter of a circle, is therefore, equal to 
double the radius, and divides the circle, from its 
Paſſing through the center, into two equal parts. 


17. A chord, is a right line drawn in 

a circle from any point in the circum- 

ference to another, but not paſſing 
through the center, 

as B G. fig. 10. 


A chord, therefore, from its not paſſing through 
the center, divides the circle into two unequal parts, 
called ſegments ; and the diameter is ſometimes called 
a chord, but, it is the greateſt chord that can be 
drawn 1n a circle. 

18. An arch of a circle, is any part 


of the circumference, 
as BF, or FBD, &c. fig. 10. 


19. A ſemicircle, is one-half of the 


circumference, 
as AFBD. fig. 10. 


20, A quadrant, is one-fourth part 
of the circumference, or one-half of 
a ſemicircle, 


as AFB, BGD. fig. 10. 


21. The complement of an arch, is 
what any arch wants to make a qua- 
drant, 


LS 


rant, as AF or FB, are complements 
of each other. fig. 10. 


22. The ſupplement of an arch, is what 
any arch wants to make a ſemicircle, 
as FBGD is the ſupplement of AF. 

fig. 10. 


23. A Segment of a circle, 18 any part 
of the ſurface contained under any 
arch, and a chord joining its extreme 
points, 

as GAGB or BFDEG. fig. 10. 


24. The ſeftor of a circle, is that part 
of the ſurface. which is contained be- 
tween two radu, and the arch which 
Joins or ſubtends them 

as B CF, or FCD. fig. 10. 


OF ANGLES. 


25. A plane angle, is the mutual incli- 
nation of two lines, meeting each 
other in a point on a plane, fo as not to 
make one right line, 

as ABC. fig. 11. 


An angle is generally expreſſed by three letters, 
one at the angular point, or point of meeting, and 
the remaining two at the other extreme points of the 
lines: but, in expreſſing the angle, be careful always 
to read the letter at the angular point in the middle, 

as 
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as ABC, or CBA. Sometimes, for brevity, an an- 
gle may be expreſſed by the middle letter only, as, 
the angle B: this can never be done, but when there 
is only one angle at that point ; for, when more angles 
meet at one point, the three letters muſt be uſed. 
But the ſhorteſt way of expreſſing an angle is, by a 
letter placed within it, as a, (fig. 11) and obſerve, 
that if one plane angle be laid upon another, and 
the angular points and lines of both fall upon and 
touch each other, in that caſe they are ſaid to be 
equal: and, as the lines forming a plane angle, may be 
of the ſame, or of different kinds, therefore plane angles 
are denominated according to the lines which conſti- 
tute them, as 


26. A right lined angle, is that which 


is formed by right lines, 
as ABC. fig. 11. 


27. A curved lined angle, 1s that which 


is formed by curved lines, 
as FGH, GIH. fig. 12 & 13. 


28, A mixed angle, is that which 1s 
formed by the meeting of_a right line 
and a curved one, | 

as DEF. fig. 14. 


Theſe are the names of angles reſpecting their fides ; but, 
evith reſpect to their quantity or meaſure, they are otherwiſe 
denominated. | 


29. The meaſure of an angle, is the 
quantity of an arch of a circle contained 
between the lines of the angle, the 
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center of the arch being fixed at the 
angular point; as the arch ꝙ 5 is the 
meaſure of the angle g ab. 
fig. 15. 


As right lines are eſtimated in feet, yards, &c. &c. 
ſo is the quantity of an arch eſtimated in the parts 
of a circle, which are called degrees, minutes, ſeconds, 
&c. and, for this purpoſe, the circumference of every 
circle is, by mathematicians, divided into 360 equal 
parts, called degrees ; each degree into 60 equal parts, 
called minutes ; and ſo on, into ſeconds, thirds, &c. 
Now, if you deſcribe a circle egh, with any openin 
of your compaſles, upon the angular point a (fig. 15. 
as center; ſo much of that circle g Y, that is, ſo many 
degrees of it as are contained between the lines & a 
and c a of the angle, is faid to be the meaſure of the 
angle g a h. And here obſerve, that if the lines of 
the angle be produced to I and i, or further at plea- 
ſure, you cannot, therefore, make the angle ba c, 
or the arch g , its meaſure, either more or leſs. 
Hence, if upon the point a, as center, another cir- 
cle fb ed be deſcribed, the arch 6c, which falls be- 
tween the lines of the angle, will not contain a greater 
or a leſſer quantity of degrees, minutes, &c. than 
the arch g but obſerve, a degree, minute, &c. of 
the arch bc, will be greater than a degree, minute, 
&c. of the arch gh: that is, if one degree of the 
arch g % will meaſure twelve inches, one degree of 
the arch bc will contain more than twelve inches, 
for it will be the three hundred and ſixtieth part of a 
greater circle. 


Angles, with reſpet to their. meaſure, are denominated 
according to the number of degrees they contain; as 


30. 4 right angle, is that which is 
meaſured by a quadrant, or the fourth 
part of a circle, 

as ABC. fig. 1 6. 
r 


Ws 

Or, to give this a more geometrical definition, it 
is that angle, which, if one of its ſides be extended, 
the line extended will, with the other line, produce 
an equal angle. And here obſerve, as the whole cir- 
cumference of every circle contains 360 degrees, a 
Tight angle, or quadrant, its meaſure, muſt contain 
the fourth part of 360, viz. go degrees, and, 
becauſe a quadrant is half a ſemicircle, (defi. 20) 
a ſemicircle will contain 180 degrees: alſo, it will 
meaſure two, and the whole circle four, right angles. 
| Hence, all righ: angles are equal, each being the fourth 
part of a circle. 


31. An acute angle, is that which is 
leſs than a right angle, 
as DBC. fig. 17. 


That is, when the arch which meaſures it is leſs 
| than a quadrant, or go degrees. 


32. An obtuſe angle, is that which 1s 


greater than a right angle, 
as EBC. fig. 18. 


That is, when the arch which meaſures it is greater 
than a quadrant, or contains more than go degrees; 
but leſs than a ſemicircle, or 180 degrees, becauſe, 1 
in that caſe the lines of the angle, if ſuch could be, 4 
would be in the continuation of each other, and £1 

therefore become one line, or the diameter of a circle, 
as DBC. (fig. 18). 


Acute and obtuſe angles are frequently called oblique 
angles, befides otherwiſe denominated, according to their 
ſituations with reſpet to each other; but, before they can 
be defined, it will be highly neceſſary to explain 
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THE DIFFERENT SPECIES OF LINES, 
RESPECTING THEIR POSITIONS TO 
EACH OTHER. 


33. A perpendicular line, is that which 
falls upon, and meets another in any 
point of it, and by not inclining to 
it on either fide, makes one or two 
right angles with it, 

as BC. fig. 19. 


Thus, the right line BC falling upon AD, and 
inclining not more to one part of it than another, 
but ing the angles ACB and DCB on each 
ſide of it equal, is therefore perpendicular ; and thoſe 
angles on each fide of a perpendicular, are always 
right ones, Here take notice, with reſpect to the line 
to which any other line may be perpendicular, it 
matters not in what direction it is drawn, for AC 
and CD are as much perpendicular to BC, as the 
line BC is to each of them, or both together as one 
line. And further, obſerve, that no more than one 
perpendicular can ſtand upon the ſame point C in a 
right line ; for, were it poſſible, they muſt fall on one 
ſide of CB, as they cannot, from this ſuppoſition, 
coincide or join with it: as for inſtance, in the direc- 
tion of the line CG. Now, as this line CG inclines 
more to one point of the line AD than the other, it 
cannot therefore be perpendicular, 


34. An horizontal line, or level, is that 
line, the extreme points of which in- 
clines neither upwards nor downwards, 

as, AD. fig. 19. 


To make this appear more clear, ſuppoſe yourſelf 


| ſanding near the ſea, where no object as a hill, &c. 


would 
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would prevent your clenrly viewing its ſmooth ſurface ; 
in that caſe, if a line or ſtring be held tight between 
your hands, in ſuch a poſition before you that it 
would appear to coincide with, or every where touch, 
the upper ſurface of the ſea, where the ſky, by ſeem- 
ingly joining it, terminates your view, the line or 
ſtring would then be in an horizontal poſition ; and, 
from this termination of your ſight being called the 
horizon, ſo is this, and all other lines drawn in the 
fame direction, called horizontal lines. 


| 35. A plumb, or vertical line, is that 

| line which, being produced, would be 

| perpendicular to, or make right angles 
| with, an horizontal line, 

as EP. fig. 20. 


This line receives its name, from having a piece 
4 | of lead or a plummet P, (fig. 20) ſuſpended by 
| one of its ends, as, to the end of a ſtring or chord: 
= this ſtring being hung by, or ſuſpended. from 
the other end, the point of ſuſpenſion being from 
| the pin E, or more properly the end of a 
wooden rule about three teet long and four inches 
broad, as EP in fig. 21; now, if this rule be held ſteady 
in a perpendicular poſition, in that caſe, the cord line 
will coincide with aright line EP, marked, or drawn 
thereon, from the point of ſuſpenſion E; hence 
this inſtrument received the name of a plumb-rule. 
Again, if this plumb-rule be made faſt, and fixed 
perpendicularly to, or at right angles with another 
rule, as AD, (fig. 22) both rules being thus con- 
need, will form an inſtrument called a * for by 
bringing the plumb-rule (EP) thereof to its pro- 
per and perpendicular poſition, you, at the ſame 
time, bring the rule AD, to which it is faſtened, to 
an horizontal one, and will therefore produce the 
level, or true horizontal line. Theſe two inſtruments 
are of ſuch ſingular uſe in mechanics, that many 
circumſtances depend upon them ; as by the plumb- 
rule all buildings are made to ſtand ere&; and, any 
; object 
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object being placed in the direction of this line, 
cannot fall ſo long as it continues therein; and by 
the latter, all planes, and veſſels holding water, and 
other veſſels are ſet level, and made to hold their 
full quantity ; beſides many other uſeful purpoſes, 
as giving a regular fall to water, &c. &c. For ſome 
further uſeful obſervations on plumb-lines, ſee obſer- 
vation to def. 39, after parallel lines. 


36. An oblique line, is that which is 
neither perpendicular, nor horizontal, 
but between both, 

as CG. fig. 23. 


Hence, acute and obtuſe angles are called oblique 
angles. 


37. 4A diagonal line, is a line drawn 
acroſs any figure, from any of its 


angles to the oppolite one, 
as CG. fig. 23. 


38. A baſe line, is the bottom line, or 
that fide of any figure on which it is 
ſuppoſed to ſtand, 

as C D. fig. 23. 
And here obſerve, that any ſide of a figure, at 


pleaſure, may be made the baſe, for which purpoſe 
the longeſt is generally approved. 


39. Parallel lines, are ſuch lines as 
are every where equally diſtant from, 


and no where inclined to, each other, 
as AB & CD. fig. a4 
y 
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By being equally diſtant is to be underſtood, their 
diſtance from each other is every where the ſame; 
that is, were they produced infinitely both ways, 
(ſee fig. 24) they would never meet; but during 
their being ſo produced, would conſtantly preſerve 
this equality of diſtance. From which definition of 
parallel lines, it is evident, that if another right line 
croſs or cut them, they will both be equally inclined 
to that line, or it will make equal angles with them; 
as the angles Ed B (fig. 25) and E a D will be 
equal. Again, if a line be perpendicular to one of 
them, it will alſo be perpendicular to the other; 
hence, the diſtance between two parallel lines is 
meaſured, for it is equal the length of a perpendi- 
cular between them; and if two or more perpendi- 
culars be drawn between two parallel lines they will 
be equal, and parallel to each other, for, they will, 
each of them, make equal and right angles with the 
parallels, Wherefore, — + drawn between 
parallels, will intercept or contain, between their ex- 
tremities, equal parts of the parallel lines; thus, in 
the parallels AB, C D, the parts, ab and cd, in- 
tercepted between the extremities- of the perpendi- 
culars, ac and þ d, are equal. 

And obſerve further, that all perpendiculars to 
the ſame right line are parallel. Again, all hori- 
zontal lines are alſo parallel; for, a plumb-line crofſ- 
ing them, would be perpendicular to each. But 
obſerve, with reſpect to plumb- lines, no two of them 
can be parallel, becauſe, they (different from all other 
lines) have a tendency to one and the ſame point, 
viz. the center of the earth, where, if nothing pre- 
vented their reaching it, they would certainly meet; 
therefore from the nature of parallel lines, cannot 
be parallel to each other. This inclination to that 
point, in the plumb-line, is owing to an attractive 
quality in all ſolid bodies; of which the plummet to 
this line, is one. This quality is called the gravity 


»What is here obſerved of parallel /ines, holds equally good 
with reſpe& to parallel pov ſurfaces, cut in the ſame manner 
other planes, for, all planes, viewed in a continuation of 


themſelves, will appear to be right-lines, See remark def. 5 & 8. 
or 
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or weight of the body, whereby, it has a tendency 


downwards, or an inclination to fall, which it would 
certainly do, if not prevented, until it would reach 
the ground, or ſurface of the earth; and, was this 
motion downwards, to be no way prevented by the 
earth's ſurface, but continue; the falling body would 
proceed onwards, in a right- line, until it reached the 
center of the earth: that is, a plumb-line would, by 
the gravity of its plummet, be always in the direction 
of a right - line, conceived to be drawn from the earth's 
ſurface and continued to its center; wherefore, no two 
plumb-lines can be parallel: however, as this tendency 
of plumb-lines to each other on the ſurface of the 
earth, is ſo ſmall, as not to be ſenſibly diſcovered; 
they may, without any impropriety, be conſidered as 
parallel to each other; although, ſtrictly mathema- 
tically, they are not ſo. 


40. A tangent line, is a right-line 
outwardly touching any figure, but 
not cutting it, as AB. fig. 26. 


41. Point of contact, is that point 
in any figure, where the tangent line 
touches it, as C. fig. 26. 


42. A Secant line, is that line drawn 
in any figure, ſo as to cut it, 
as CD. fig. 26. 


OF TRIANGLES. 


43. 4A triangh, is a plane ſurface 
bounded by three lines, 

as A, B, or ABC. fig. 7 

0 The 
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The triangle, is the moſt ſimple of all right-lined 
figures, it is expreſſed by one letter within it, as 
A, or B, (fig. 27) or, by three letters placed at the 
angular points, as ABC (fig. 27); but, here obſerve, 
that of the three lines forming a triangle, any two 
of them muſt be greater than the third ; for, if it 
were not the caſe, the two ſhorter lines would never 
meet ; conſequently, no triangle could be formed ; 
hence, any two lines of a triangle, muſt always be 
underſtood, when taken together, to be greater than 
the third. 20 E. lib, 1. 


Triangles, are denominated, either by the lines <vhich 
conſtitute them ; or, from the angles formed by them; hence, 
triangles are ſaid to confiſt of ſix parts, viz. three ſides, 
and three angles; wherefore, they have three names with 
reſpet to their fides, and three with reſpe# to their 


angles ; as, 


44. An equilateral triangle, 1s that 
which hath three equal ſides, 
as A. fig. 27, 


45. An ifoſceles or equicrural triangle, 
is that which hath two of its ſides 
equal, 
as B, DCE, DBE and DAE. 

fig. 28, & 29. 


46. A ſcalenum triangle, is that which 
hath all its ſides unequal, 
as B. fig. 27. 


Theſe are the three names given a triangle, with re- 
fþe# to its ſides ; the three following, are in reſpe to 


47. A 
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47. A right-angled triangle, is that 
which hath one of its angles a right 
one 
as ABC, fig. 30; which is right- 
angled at B. 


Here obſerve, that the ſides conſtituting a right- 
angled triangle, are particularly denominated, from 
thoſe of any other, viz. the longeſt ſide, or that op- 
polite to, or joining the ſides of the right-angle, is 
called the hypothenuſe; the other ſides are reſpec- 


tively named, one, the perpendicular, and the other 
the baſe. 

5 

3 48. An acute-angled triangle, is that 
Which hath a// its angles acute, 

; as A, or B. fig. 27. 
5 49. An obtuſe-angled triangle, is that 


which hath one of its angles obtuſe, 
as B CD, fig. 31; which is obtuſe 
angled at C. Lib 


| Obſerve, acute and obtuſe-angled triangles, are 
Frequently called oblique-angled triangles ; and further 
= take notice, a right-angled triangle, may be either iſo« 
ſceles, or ſcalenum; an iſoſceles triangle, may be either 
acute, or obtuſe-angled ; as D BE, (5 29) is right- 
angled, DAE acute-angled, and D t obtuſe-angled, 
yet each triangle is an iſoſceles. 


OF QUADRILATERALS. 


. 50. A quadrilateral figure, or qua- 
* drangle, is a plane ſurface bounded by 
C 2 four 


[ 20 ] 
four right-lines ; it has conſequently, four 
angles, 


A quadrilateral figure, the next in order to a 
triangle, is ſo called, from its being bounded by 
four lines or ſides, and is generally expreſſed by four 
letters, &c. (ſee remark to def. 10) it is differently 
denominated, according to the lines, and angles, 
which conſtitute it, as 


51. A parallelogram, is a quadri- 
lateral figure, which hath its oppoſite 
ſides equal, and parallel, and oppoſite 
angles equal, | 

as A, B. fig. 32, 33. 


This is a general name for all quadrilateral figures, 
which have the above properties, viz. of parallel 
des, and equal oppoſite angles. 


52. A refangle, or oblong, is a qua- 
drilateral figure, which hath 4 its 
angles right ones, conſequently equal, 

* d as ABCD. fig. 34. 


This term refangle, is ſynonymous with the word 
produd in arithmetic, which is a number produced, 
from the multiplication of one number by another, 
thus, 3 multiplying 4, will equal 12; which 12 in 
arithmetic is the product of 3 and 4; now, as theſe 
numbers 3, and 4, may be feet, yards, or any other 
lineal denomination at pleaſure ; (ſee note to def. 6) 
they may therefore, geometrically be repreſented by 
two lines, one of 3, and the other of 4 feet, &c. 
Now, by placing theſe two lines perpendicularly to 
each other, and conceiving one of them, as CB, 


(tig, 


as A. fig. 32. 
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(gig. 35) ſuppoſe of 3 feet, to move forward in the 
direction of the other AB, till keeping parallel to 
itſelf, until it paſſes over a ſpace, equal in length to 
the other of four feet, &c. or, until it arrives 
at the point A; while, at the jam tine, let the 
other line AB of 4 feet, be conceived to move per- 
pendicularly, and parallel to itſelf, through a ſpace 
equal to BC, {for without conception, of this kind, 
geometrical deſcriptions cannot be made with any propricty ) 
ſuch compound motion of the two lines, will form 
the rectangle of AB and BC; or the parallelogram 
ABCD, or BD*. Laſtly, if we ſuppoſe points 
were taken in each line, one foot diſtance from each 
other, theſe points, would, during the motion of the 
two lines, draw other lines ani each other, one 
foot diſtant ; and divide the rectangle into 12 ſmall 
quadrilaterals, equal to each other, of one foot 
every way; which 12 rectangles expreſs the rectangle 
of a line of 3 feet multiplying a line of 4 feet; 
which is equal to the product before mentioned; and 
ſo of all other rectangles whatſoever. 


53. A Square, is a parallelogram 
which hath four equal fides, four 
right, and conſequently equal angles, 

as A. fig. 30. 


That is, a ſquare is both equilateral and equiangled. 
54. A rhombus, is a parallelogram 
which hath four equal ſides, but angles 


oblique, 
as B. fig. 37. 


That is, a rhombus is equilateral, but not equiangled. 


Any of which expreſſions will anſwer, (ſee def. 10.) 


55. 4 
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55. A Rhomboides, is a parallelo- 
gram, which, hath only its oppoſite 
des equal and parallel, and angles 
oblique, 
| as C. fig. 38. 


That is, a rhomboides is neither equilateral nor 
equiangled. 


56. The complements of any parallelo- 
gram, are two parallelograms adjoin- 
ing to two others about its diagonal, 

as GO and OC. fig. 39. 


That is, ſuppoſe you take any point, in the diagonal 
of a parallelogram, as O, and through that point, let 
the lines BF, and HD be drawn, parallel to the fides 
CE, and AC, theſe lines, will divide the parallelogram 
into four others, a, b,c, and d, all meeting in the 
point O; two of which, a and c, are ſaid to be 
about the diagonal, as it paſſes through them; and 
the other two d, and 6, are the complements of thoſe 
about the diagonal, to the whole parallelogram AE: 
and here, it will be proper to obſerve, that the diago- 
nal line of any parallelogram, is frequently called 
a diameter ; for if two diagonals be drawn in any paral- 
lelogram (as in fig. 34.) they will paſs through the 
middle point E, where they interſect each other: 
and, as a diameter divides a circle into two equal parts, 
in the ſame manner the diagonal of a parallelogram, 
divides it into equal parts. 


57. The Gnomon of a parallelogram, is 
the complements of the parallelogram, 


taken together with either of the pa- 
rallelo- 
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rallelograms, about the diagonal; 


as the parallelograms d, a, b or d, c, b. 
fig. 39. 


58. A trapezium, is an irregular qua- 
drilateral figure, having neither its 
ſides, nor angles equal, 

as D. fig. 40. 


That is, every quadrilateral figure, which is not 
a rectangle, or parallelogram, is a trapezium. 


Having now defined the mof uſeful parts of three 
and four ſided figures; 1 might here proceed with the 


figures of more than four ſides : but, before that can 


be done, it will be neceſſary to mention ſome other uſeful 


particulars, concerning angles and lines, which could not 


be ſo well underſtood before, and to which I refered, as 


59. The vertex, or top, of any figure, 
is the moſt remote point of it from 
the baſe, 

as A. fig. 41 . 


The word vertex, is more generally applied to 
triangular figures ; for, as it more properly ſignifies 
a point, than the top of any figure, it cannot there- 
fore be ſo well applied to quadrilaterals z becauſe, 
it might be argued, that the line CA (fig. 42) is 
the top of the quadrilateral ACDE; whereas, 
no more of that line, than the higheſt point A, can 
be conſidered as the vertex: and obſerve, that in 
quadrilaterals, &c. the vertical point, will be always 
that point, from which the longeſt perpendicular can 
be drawn to the baſe, | 


60. The altitude, or heighth of any 
figure, is the length of a line drawn 


Per Pen” 


| 


= 7 
—— . . — — — 
— —— - mY 


— 


15 
| 
. 

i 

f 

| | 

i 


1 
perpendicularly from the vertex to the 


boſe, 
as AB. fig. 41, 42. 


61. The external angle of any figure, 
is that angle, which lies at the out- 
fide of it, formed, by producing one 


of its fades, 
as A. fig. 43. 


62. An internal angle, is any angle 
within the figure, | 
as a. fig. 43. 


63. An agjacent angle, is an angle 
immediately next to, or adjoining 
another angle, having one of its ſides, 
a fide of the other, 

as A is adjacent to a, or à is adja- 
cent to A, &c. fig. 43. 


Note, this fide which flands between two adjacent 
angles, is called a common fide, becauſe it is a fide to 


both. 


64. A common, or intermediate angle, 
is an angle between two others, adja- 
cent to both, and may occaſionally 
be added to either, | 

as a. fig. 44. 


That is, the angle a, ſtanding between the angles 
b and c, may be joined to either; thus, by joining it 
to 
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to 5, you have the angle BAE; again, by joini 

it "”y H you get the angle CAD; in ſuch caſes, ran... 
the angles 6 and c equal, the common angle a, being 
added to each, would make the enlarged, or increaſed 


BAE, and CA D, equal. 


65. A common, or intermediate arch, 
is the ſame as a common angle, it 
being the meaſure of it, 

as DE is common to the arches 
BE and CD. fig. 44. 


What was obſerved before of a common angle, may 
here, be applied to a common arch. 


66. A ſegment of a line, 1s a part 
cut off from it, by another line, 
as AC or CD are ſegments of the 


line AD. fig. 45. 


67. A common or intermediate ſegment 
of a line, is that part of it which lies 
between, and adjacent to, the remain- 
ing parts of it, 

as BC. fig. 45. 


And obſerve that, (as in a common angle) where the 
remaining or adjacent ſegments are equal, the common 
ſegment B C being added to both, their ſum, or the 
lines AC and BD, will be equal. 


68. A ſubtend, or ſubtenſe, is any ſide 
of a triangle, ſtanding oppoſite to one 
of its angles, whereby, it is ſaid to 

| 2 


fs) 
fubtend the angle to which it is op- 
polite, 
as ED is the ſubtenſe of the 
angles O or C. fig. 46. 


69. Alternate angles, are thoſe which 
he between two parallel lines, but, on the 
oppoſite ſides of a line cutting them, 

as a, c and d, ö. fig. 47. 


That is, a, is alternate to c, and 6b, alternate to d, 
for they are on oppoſite ſides of the line EF, cutting 
the parallels AB and CD. And obſerve, with re- 
ſpect to the other angles about the parallel lines, 
they are denominated according to their /ituation ; 
as /, is an external angle, and ſaid to be on the ſame 
ſide of the cutting line with c; which angle c, with 
reſpect to /, is called an internal angle. Obſerve the 
fame with reſpe& to the angles e and d. And laſtly, 
the angles a, d, c and b, are called internal angles, 
of which, a and d are ſaid to be on the ſame fide, as 
alſo c and 6b. | 


70. Vertical, or oppoſite angles, are 
thoſe which touch at their vertices, 
or have their lines in continuation of 
each other, 

as F is vertical to a, and e to b. fig. 47. 
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71. An angle at the center, is that 
which is contained between two radi 


in a circle, 
as EOD. fig. 46. 


72. An 


E 0:3 
72. An angle in a ſegment, is that 
which hath its angular point, in the 
arch of the ſegment, and its lines 
terminating in the extremities of the 


chord of the ſegment, 
as ECD. fig. 46. 


73. The angle of incidence, isthat which 
is formed by an oblique line, and a per- 


pendicular falling on the ſame point in 


a right-line, 
as CBD. fig. 48. 


This angle is produced, by ſuppoſing any body, as 
C, to be put in motion, in an oblique direction, 
as the line CB, until it ſtrikes the line AF, in the 
point B; where, becauſe it meets with reſiſtance, it will 
fly off in the direction of the oblique line BE; then, 
in ſuch caſe, if the perpendicular B D, be raiſed 
from B, where the body ſtrikes the line AF, the 
angle formed between CB, and BD, viz. CBD, is 
called the angle of incidence ; this angle, is by ſome, 
ſuppoſed to be contained between the oblique line, 
and the line it falls on, as CBA. 


74. The angle reflection, is that which 
is formed between a perpendicular to 
a right-line, and an obligue line, flow- 
ing from the point on which it ſtands, 

as DBE. fig. 48. 


This angle is the converſe of the angle of incidence, 
it being cauſed from the body C, reflecting from 
the line AF, which it ſtrikes in the direction of the 
line B E, it is always eſteemed equal to the angle of 

Inci- 
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incidence; becauſe, it reflects, or flies off, in the ſame 
angle with AF; conſequently muſt have the ſame 
in of 


tion to the perpendicular DB, or to the line AF. 


75. Similar, or proportional figures, are 
ſuch, as have all the angles in one 
figure, equal reſpectively to thoſe of 
the other, and that, whether the ſides 
be equal or not, 

as A B. fig. 49. 

Thus, if you lay one figure upon the other, ſo 
that any angle in one, ſhall fall upon its equal angle 
in the other; in that caſe, all the remaining ſides of 
the figures, will become parallel to each other. 


The dotted lines ſhew the correſponding figures, when 
laid upon each other. 


76. Congruous figures, are ſuch as 
agree, and correſpond with each other 
in every reſpect, ſide to fide, and 
angle to angle, 

| as B, C. fig. 50. 

Thus, ſuppoſe one figure B, laid upon the other 
C, if in that ſituation, the ſides, and angles of both, 
fall upon, and agree, ſo that they every where touch, 
or coincide with each other; they are ſaid to be 


congruous figures; and, from their thus agreein 
with each other, they are ſaid to be equal. 6 


OF THE LINES DRAWN 
IN A CIRCLE. 


77. The right fine of an arch, is a 
right-line, drawn, from one extremity 


of 


1 
of the arch perpendicular to a radius, 
or diameter drawn to the other end of 


the arch, | 
as AB, or its equal GC. fig. 51. 


The ſine, is always equal to half the chord, of 
double the arch, thus, the arch BI, being double 
BD; half the chord BI, viz. BA, will be the right 
ſine of the arch BD, which is half the arch BI. 


This, and the ſeven following definitions, more pro- 
perly belong to trigonometry than geometry; but, as { in- 
tend to ſhew the method of drawing them, in the practical 
part of this work, I therefore mention them here, that 
the reader may be acquainted with them, <vhen he comes 


to deſcribe them. 


78. The confine, or fine complement, of 
an arch, is the r:ght-fine, of the com- 
plement of the arch, 

as GB, or its equal CA. fig. 51. 


79. The tangent of an arch, is a 
Tight-line, perpendicular to the radius 
of the arch, outwardly touching it, and 
terminated by a line drawn from the 
center of the arch, through the other 


end, 
as DE. fig. 51. 


80. The co-tangent, or tangent complement 
of an arch, is the tangent of the com- 
plemient of the arch, 


as FH. fig. 51. 
81. The 


| 
| 
| 
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81. The ſecant line, is aright-linedrawn 
from the center of the arch, through 
its extremity, meeting the end of the tan- 


gent, drawn from the other extreme, 
as CE. fig. 5 1. 


8a. The co-ſecant, or ſecant complement of 


an arch, is the ſecant, of the comple- 


ment af the arch, 
as CH. fig. 51. 


83. The verſed fine of an arch, is 


| Fs. part of the radius of the arch, con- 


tained between the tangent, and the 
point where the right-ſine falls upon it, 
as AD. fig. 51. 


84. Co-verſed fine, is the verſed fine 


of the complement of the arch, 


as GF. fig. 51. 
Here n from the laſt two definitions, that the co- 


fine CA, and verſed fine AD, added together ; alſo, the 


ſine GC, and co-verſed fine G F, added 2 quill 
equal radius. 


OF POLYGONS. 


8 Be. A Poligon, or man y-fided figure, 
is that which hath more than four 


ſides, and is either regular, or irregular. 
86. Re- 


E 


86. Regular, or ordinate polygons, are 
ſuch as have all their ſides and angles 
equal, | 

as ABCDE, orabede. fig. 52. 


That is, all the angular points of any lar po- 
lygon, would fall into the eircumference of a circle, 
was it drawn round it. Alfo, if a circle was ſwept 
within it, the fides of the polygon would become re- 
ſpectively tangents thereto. . are variquſly 
. denominated, according to the ſides which conſtitute 
them ; of which, thoſe that folloy are the moſt prin- 


cipal: _ 
As, if of five ſides, a pentagon 
of ſix, - - an hexagon 
of ſeven, - an eptagon 
of eight, - an ofagon 
of nine, - a nonagen . 
of ten, - a decagon 
of eleven, an wndecagon 
of twelve, - a dodecagon 
of fifteen, - a quindecagon, &c. 
to infinity; there being no end to the number of fides 
a regu'ar polygon may contain; to enumerate. all of 
which would be endleſs. But obſerve, the greater 
number of ſides any ordinate polygon contains, the 
nearer will the polygon approach in form to that of a 
circle : for in that caſe, the ſides of the polygon would 
differ very immaterially from the circumference of a 
circle drawn round it ; hence, Mathematicians draw 
this concluſion, that a circle may be conceived to be 
A Hebe. of an inſinite number of ſides, from which 
interence they attempt to make a ſquare ſurface; nearly 
equal that of a circle, whereby they meaſure its fuper- 
cial content. (See prob. 62.) 


87. The perimeter, or periphery,of any 
polygon, is the ſum, or aggregate of 
all the ſides of the polygon, taken to- 
gether. | 


88. 4 
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88. A polygon, or any figure, is ſaid 
to be inſcribed in a circle, when all its 
angles touch the circumference; 


as the polygon abcde, is inſcribed in 
5 the circle ABCDE. fig. 52. 


89. A circle is ſaid to be inſcribed in a 
polygon, or, a polygon is ſaid to circum- 
-ſeribe a circle, when each ſide of the po- 
lygon touches the circumference, 

as, the polygon AB CD E circum» 
ſcribes the circle within it, for every 
fide of 1t touches the curcle. fig. 52, 


go. Concentrick circles, polygons, &c, 
are all ſuch as have the lame, or com- 
mon center. 


Thus the alvols and polygons in 52, are ſaid 
to be concentrick, as they 22 che 12 center F. 


91. nee circles, polygons, &c. 
are all ſuch as have not the ſame center, 


; 


This will be plain, if you conſider the former de- 
finition of concentrick circles. But, this term excentrick 
is more generally applied to eliptical or oval like figures 
(ſee prob. 67) which, are ſaid to be more or lefs excen- 
erck as the centers are more or leſs diſtant. 


92. The direct radius of any ordinate 
polygon, is a _—_— drawn from the 
eenter of the polygon, perpendicular to 
- x ara as Fp or FG. fig. 52. 
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93. Superficial content or area of any 
figure, is the number of ſquare feet, 
yards, acres, &c. contained in it. 


That is, the number of ſquares (the ſides of which 
ſhall be one foot, yard, &c.) contained in the figure, 
will be its area in feet, yards, &c. {See obſervation 
to def. 52.) where the area of the rectangle A BCD, 
(fig. 35.) was ſhewn to be equal to 12 ſmall ſquares, 
which ſquares may be eſtimated in feet, yards, &c. 
as their ſides were firſt conſidered, or taken in any 
of theſe meaſures. 


94. To biſef, triſect, quadriſeft, &c. 
any line, arch or angle, is, to cut it 
into two, three, four, &c. equal parts. 


95. Any figure is ſaid to be deſcribed, 
when the lines, circles, &c. belonging 
thereto, or neceſlary for its formation, 
are drawn. 


96. The extremes of any figure, are 
the utmoſt boundaries, or limits thereof. 


Thus, the extremes of a line are points; (def. 5. 
of a ſurface, lines; (def. 7.) of a ſolid, ſurfaces; (def. i . 
but obſerve, a circle, and a ſphere, or globe, cannot 
be ſaid to have extremes ; the former being bounded 
by a curved line, which, revolving into ſets, leaveth 
no extreme, but one bounding line; and the latter in 
the ſame manner, by a curved ſurface. 
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OF PROPORTION. 


97. Proportion, is the ſimilitude of 
two, or more rat10s. 


98. Ratio, is the compariſon of one 
number or quantity, with another; it 
conſiſts of two terms, called the ante- 
cedent and conſequent. 


99. The antecedent, is the compared, or 
firſt mentioned term of the ratio. 


100. The conſequent, is the following 
or laſt mentioned term of the ratio. 


A ratio, is expreſſed or written down, by placing the 
antecedent before the conſequent: thus, A: B, which 
letters A and B, may repreſent any quantity; and the 
ratio isto be read thus, as A is to B, the mark ( : ) be- 
tween the letters ſignifying the words (is to). A ratio is 


frequently expreſſed, by placing the antecedent over 
A antecedent 


the conſequent, thus 1 wrt}, which expreſſion is 


read the ſame as the former; and from this ſituation of 
the terms over each other, we are to learn, that, when 
terms are in a ratio, the antecedent muſt be divided 
by the conſequent; and, as the /ine between them 
denotes diviſion, the quotient thence ariſing, is called 
the exponent of the ratio. 


101. The exponent of a ratio, is the 
quotient ariſing from dividing the an- 
tecedent by the conſequent. 5] 

us, 


E 


Thus, in the ratio of A: B, or of 6: 24, (fig. 53) 
the exponent would be one - fourth; but the exponent 
of the ratio of B: A, or of 24 : 6, would be 4: 
that is, in the former example, the antecedent contains 
but one-fourth of the conſequent ; and in the latter, 
the antecedent contains its conſequent 4 times, &c. 
and obſerve, in exprefling any ratio, the firſt method 
will be found more convenient, than by placing the 
terms over each other, as it takes up leſs room. 


102. One leſſer quantity, is ſaid to 
meaſure another greater quantity, when 
the greater contains the leſſer, a cer- 
tain number of times exactly. 

Thus, the quantity A, equal 6; is ſaid to meaſure 


the quantity B, equal 24; (fig. 53) becauſe B, or 24, 
contains A, or 6, exactly 4 times. 


103. A common meaſure, is any one leſſer 
quantity, which will meaſure or divide 
two or more greater quantities, without 
leaving any remainder. 


Thus, A is a common meaſure to B and C, (fig. 54) 
for B, contains A, four times; and C, five times, exactly. 


10g. Commenſurable quantities, are thoſe 
which have a common meaſure. 
Thus, B, equal 24, (fig. 53) is a commenſurable, 


quantity becauſe A equal 6, meaſures it exactly, 
without leaving any remainder. 


105. Incommenſurable quantities, are 
thoſe which cannot be meaſured by any 
D 2 other 


1 


other quantity greater than nity, or 
one. 


That is, when no determined quantity, greater than 
an unite can be found, which, being taken or multi- 
plied, any number of times, will equal it. 


Any two quantities, whoſe ratio, or proportion to each 
other, can be expreſſed by commenſurable quantities, are 
ſaid to be commenſurable to each other ; but, <vhen their ratio 
cannot be ſo expreſſed, they are ſaid to be incommenſurable 
to cach other, or, the ratios are called commenſurable, or 
incommenſurable, accordingly. 


106. A multiple, is a greater quan- 
tity which contains a leſſer, a certain 
number of times without a remainder. 


Thus, B (fig. 53) is a multiple of A, becauſe it 
contains A four times exadly. 


107. Like multiples, are thoſe quan- 
tities, whach contain their parts equally. 


Thus, A and C (fig. 55) are like multiples of B 
and D, for A contains B, as often as C contains D; 
or, to make this more plain, inſtead of the letters or 
lines, uſe the numbers annexed to them : thus, 18 and 
12, are like multiples of 6 and 4; becauſe, 18 con- 
tains 6, as often as 12 contains 4, viz. 3 times: but 
in thus uſing the numbers, be careful to have re- 
ference to the line which repreſents that number, as 


lines are more properly the buſineſs of geometry than 


numbers, 


108. An aliquot part, is an even 
part of any quantity. 
Thus, A is an aliquot part of B, (fig. 53) for B, 


or 24, contains A or 6, exactly four times, without 
leaving any remainder. 


109. An 


6 & I 
109. An aliguant part, is an uneven 


part of any quantity. 

Thus, D is an aliquant, or uneven part of A (fig. 
56) 2 any certain number of 
times. 


110. Like aliquot, like aliguant, or like 
parts, are ſuch, as are equally contained 
in their wholes, 


Thus, Band D (6 . 
and C ; for, Bis as © en contained in A, as D is con- 
tained in C, that is, four times. In the ſame manner, 
| AandB(fig. 56) are like aliquant parts of C and P, 
they, being equally contained in C and P, vis, once 
and one-ſixth. 


111, Equal ratics, are thoſe whoſe ex- 
ponants are equal, or whoſe antecedents 
are like multiples, or like parts of their 


reſpective conſequents, 
Thus, the ratio A: B, is equal the ratio C: D 


56) for Ais the fame, or like multiple of B, that C. 
of D. (Def. 107). 

112. Ratio 2 is, when in any 
ratio the antecedent and conſequent is 
the ſame, or, the exponent is unity, 

Thus, i oge quanticy A (6 57) be equal to ano- 
her 3 | then the ratjos K B; A A; and 

the fane ; for, in each ratio, the exponent 
i — or 1 (def. 101) or, the antecedents and con- 
ſequents are equal. 


113. Four quantities or magnitudes are 
ſaid to be proportional, when, by compar- 
ing them together, two by two, they will 
be found to produce equal ratios. 


Thus, 


nf 1 | 

Thus, fuppoſe the magnitudes ® A, B, C and D, 
{fig 56) be proportional, by comparing them, fig, 
thus A: B:: C: D, you will find in the ratios of A: B 
and C: D, that the antecedents, A and'C, are like 
multiples (107) of their reſpective conſequents, B and 
D; therefore, the ratios A: B and C: D are equal, 

11) and this proportionality is thus read, 4. A is 10 

» fo is C to D. Secondly, by comparing them thus, 
A: C:: B: D, the ratios A: C and B: D are equal, 
(:12) for the antecedents, A and B, are like aliquant 
parts (1:0) of their reſpective conſequents, C and D. 
Math, compare them thus, D: C:: B: A, or B: A 
: D: C, in either caſe the antecedents, D and B, will 
be like aliquot parts (110) of their reſpective conſe - 
quents, and the ratios in each caſe equal, therefore the 
four quantities are proportional. And obſerve, from 
the different methods of comparing quantities in pro- 
portion, ariſe different kinds of ratios, as 


114. Direct ratio, is, when in four 
proportional quantities, the ratio of 
the firſt and ſecond terms, is equal to 
the ratio of the third and fourth, 

thus A:B::C:D. fig. 58. 

That is, when the antecedent is compared with the 


conſequent, (fig. 58) or the terms of the ratio keep 
their dire? order. 


115. Alternate natio, is, when in four 
proportional quantities, the ratio of the 
firſt and third terms, is equal to the ratio 
of the ſecond and fourth, 


as A:C::B:D. fig. 58. 


In def. 4, 1 line was not there conſidered as a magnitude in 

itſelf; but, as a line from its length can be expreſſed in number, 

lt is, therefore, generelly underſtood by Mathematicians to be 

2 magnitude, from its being capable of extenſion and diminution. 

| Obſerve the ſame with rely & to a ſurface, {def. 7) which may 
be conſidered as a magnitude for the ſame reaſon, ' © 

That 
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That is, when antecedent is compared with an- 
tecedent, and conſequent with conſequent. 


116. Inverſe ratio, is, when in four 
proportional quantities, the ratio of 
the ſecond and firt terms, is equal to 
the ratio of the fourth and third terms, 

as B: A:: D: Cor D: C:: B: A, 

fig. 58. 


That is, when the conſequent is put before the an · 
tecedent, and in that manner compared with it, 
whereby the terms of the ratio become changed or 
inverted, 


117. Geometrical ratio, or geometrical 
proportion, 1s, when the terms in any 
proportion regularly increaſe, by a 
common multipher, as 2, 4, 8, 16, 32, 
&c. or decreaſe by a common diviſor, 
as 32, 16,8, 4,2, &c. and preſerve equal 
ratios. 


That is, the terms 2, 4, 8, 16, &c. increaſe by con- 
tinually multiplying each term by 2, thus, 2 the firſt term, 
multipled by 2, produces 4, the ſecond term, &c. where, 
the ratios, 2 : 434 : 8; 8:16; &c. are equal (def. 111). 
Again, in the terms 32, 16, 8, &c. they decreaſe, by 
continually dividing by 2; thus, 32 divided by 2, gives 
16, &c. in which terms the ratios 32: 16; 16: 8, &c. 
are equal (def. 111). In all geometrical proporticns, 
when the terms are even, the rectangle or product of the 
extremes, Viz. (the firit and laſt,) will equal the rect- 
angle of any two means (or middle terms) equally dii- 
tant from thoſe extremes. Thus, in the ſeries * 


* This is a name given to all numbers, in geometrical or 
any other proportion, taking, in idea, all the terms of the pro- 
Portion together, 


2, 4, 


11 


2, 4, 8, 16, 32, 64, the product of the /aft term 
64, and the firſt term 2, will equal the product of 
32 multiplying 4; alſo, to 8 multiplying 16, viz. 
128. Again, if the terms of the ſeries be odd, not 
only the above property will ſtand good, but alſo 
the refangle of the extremes will equal the ſquare * 
of the mean or middle term; thus, in the progreſſion, 
2, 4, 8, 16, 32; 32 multiplying 2, equal 64, which 
is alſo the product of 4 multiplying 16, and of 8 
multiplying 8, that is, the ſquare of the middle 
term. On this property of geometrical quantities, 
does the reaſon for the management of the terms, 
given in the rule of three, in arithmetic depend; where 
you have three terms givento find a fourth; to perform 
which, the general rule is, Muliiply the ſecond and 
third terms together, and divide by the firſt.” This mult 
be the only method, becauſe, in the three given terms, 
you have (of four terms in proportion) the two 
means, (that is the ſecond and third terms,) and one 
extreme (the fir/# term) given, to find the other ex- 
treme, (that is, the fourth term.) Now, as the pro- 
duct of the two extremes, equal the product of the 
means, from what has been before ſhewn, you muſt 
therefore, firſt find the product of the two means, 
that is, multiply the ſecond and third terms together, and 
this product mult be divided by the given extreme; that 
is, divide by the firſt term, and the quotient will evidently 
be the other extreme, or fourth term. For, in diviſion, 
the diviſor multiplying the quotient, will always 
equal the dividend ; but, the dividend, in this caſe, 
is the product of the ſecond and third terms; therefore, 
when you divide by the firſt term, the quotient mult 


be the fourth, | 
I Hape, I ball be excuſed for in'ruding thus far, on my 


readers time, and patience, by introducing any thing, purely 
arithmetical, in a book of geometry ; but when I conſidered, 
this rule was never explain'd by any author, on arith- 


* By rhe term ſquare here mentioned, you are to underſtand 
any term multiplied by itſelf, as 4 multiplying 4, equal 16, 
which number 16 is the ſquare of 4, &c. all numbers produced 
in this manner, are ſaid to be ſquare numbers, and the number 


which produces the ſquare, is called the root, or radix of the ſquare. 
methic, 
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methic, that I ever read, I therefore took this liberty, of 
ſatisfying ſuch of my readers, as may be ignorant of the 
reaſon for that rule, which they have hitherto taken for 
granted, as true; becauſe, (1 ſuppoſe ) they have always 
found it to anſwer, the deſign of the queſtion ; if I have 
been ſo happy as to clear up this matter, to thoſe that want 
it, I am the more inclined to think thoſe who are acquainted 


with it already, will excuſe me, and paſs it over. 


118. Geometrical ratio continued, 1s, 
when in ſeveral geometrical proporti- 
onals, it will be, as the i term is to 
the /econd, ſo is the ſecond to the third, 10 
is the third to the fourth, &c. or 


; as A: B:: B: C:: C: D:: D: 


E, &c. fig. 59. 


That is, the product of the firſt and third terms 
of ſuch proportionals, will equal the ſquare of the 
ſecond or middle term; thus 2, 4, 8, are terms in 


4 continued proportion, the compariſon of which will be 


as 2: 4: : 4:8; where 2 multiplying 8, will equal 4 
multiplying 4, that is, to 16, the ſquare of the mid- 
dle term; and ſuch proportionals are called continued, 
becauſe, the conſequent of the firſt ratio is repeated, 
and made the antecedent of the ſecond, whereby it 
is continued through the terms. 


119. Duplicate ratio, is the proportion 
of ſquares. 


That is, in a ſeries of geometrical proportionals, 
the firſt term is to the third, in a duplicate ratio of 
the firſt, to the ſecond, or, as the /quare of the firſt, 
to the ſquare of the ſecond ; thus, in the proportionals 
2, 4 and 8 the duplicate ratio is, as 2 : 8: : the ſquare 
of 2, to the ſquare of 4; that is, as 4.: 16, where 
the ratio of 2: 8, is duplicate of 2: 4; for, 2:8:: 
4 ; 16, &c, 
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120. Arithmetical progreſſion, 1s, when 
the terms in the progreſſion, increaſe 
or decreaſe by equal differences, 

„ „ Xe 

are terms increaſing, &c. 8, 6, 4, 2, 
or 5, 4, 3, 2, 1, are terms decreaſ- 
ing. 


What has been obſerved, in regard to the pro- 
perties of terms, in geometrical proportion, may be 
applied here, with reſpect to the properties of terms 
in arithmetical progreſſion; but, inſtead of the word 
praduct or reftangle there uſed, uſe the word 
** *, and inſtead of the word ſquare, uſe the word 


More need not be ſaid here of arithmetical progreſſion, 
as it does not ſo properly belong to geometry; but, as it 
occured to me, and the inſerting it cannot be of any 
diſſervice, I ton the liberty of introducing it, as it may 
ſometimes appear in the courſe of a work of this kind, and 
the reader be ignorant of it. 


121. 4 poſtulate, is a ſimple truth, 
which may be eaſily granted without 
a proof. 


As, that a right-line may be drawn from one point 
to another, &c. 


122. An axiom, 18 a ſelf-evident truth, 
to which, any one may aſſent, on 
hearing it propoſed. 


* This word ſignifies the total, of two or more terms added 
together, as, the ſum of 2 and 4 is 6, &c, 


As, 
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As, that every whole line is greater than a part of it. 


123. A propoſition, is the propoſing of 
ſomething to be done, and requiring a 
ſolution, or anſwer. 


Propoſitions are of two kinds, problems and theorems. 


124. A problem, is a practical pro- 
poſition, wherein ſomething is re- 
quired to be made or done. 


As, if it were required on a given line, to make an 
equilateral triangle, &c. 


125. A theorem, is a ſpeculative pro- 
poſition, wherein, ſomething is pro- 
poſed or affirmed to be true, and re- 
quires a proof that it is ſo. 


As, ſuppoſe it was declared, that if any right- 
line falls upon another, it will make the angles on each 
fide of it, together, equal to two right-angles, which, 
becauſe in geometry, no declaration of this kind 
can be taken as true, it therefore, before it can be 
believed, requires that it muſt be proved to be ſo; 
for, until that is done, no affirmation in the propoſi- 
tion, can be depended upon. 


126. A corollary, is a concluſion 
drawn from a preceding propoſition. 


As, if one right-line falling upon another, will make 
angles equal to two night ones; the corollary to be drawn 
from that propoſition, will be, that if ever ſo many 
right · lines fall upon another right - line in the ſame point, 
all the angles together will make only two right ones. 


127. A 


- —— 


„ 
127. A ſcholium, is a remark made 
upon ſome propoſition, exemplifying 
the matter 1t contains. 


128. Hypotheſis, is that part of a 
propoſition, which is 4nown or granted. 


129. Theſis, is that part of a propo- 
ſition, which is required to be proved. 


Thus, if two right-lines are ſaid to croſs each other, 
the vertical, or oppoſite angles will be equal. In this 
theorem the hypotheſis is, that the two given lines are 
two right-lines, and cutting each other; and the 
theſis or matter to be proved is, that the vertical, or op- 
polite angles are equal: the word hypotheſis has ſome- 
times been miſtaken for the word data, whereas, they 
are of different meanings; the word data, ſignifying 
that part of a propoſition, which is given or allowed 
to be true; and the hypotheſis, that which is granted, or 
ſuppoſed to be ſo. 


130. 4 lemma, is but another name 
for a propoſition, therefore, is of the 
ſame import. 


However, other writers, on this ſubject, may con- 
ſider this as a different term from a prepoſition; I 
cannot agree with them, for ſuch diſtinctions only 
ſerve to confuſe our ideas, (wb in geometrical con- 
cluſions ſhould be quite clear) for, they ſuppoſe a 
lemma neceſſary to prepare the mind, for the more 
clearly underſtanding a following propoſition ; whereas, 
I ſee no reaſon why, in geometry, it ſhould not be as 
much a propoſition as any other; therefore, to make 
a difference, is quite unneceſſary; however, proper 
this diſtinction of terms may be in other mathemati- 
cal works, in Geometry, it is not allowable. 


131. 4 


» SIRE e 
- K U a 
- 5 ee ok 
* & * 0 © * io * 


OS ERROR £4 oa DE NOTE 
„ 0 (th tn 
"> Is 


ns 
* 6 T. = OH 


£1" A y 


4 * 
B 4 & TT. * 
x ERS _ 7 1 p 
SIE Py % Py 0 
WF. * 2 5 


N 3 
b, . 


3 
2 
_— 


Tn dts Id 


ISS: 


& "2:14, 08 
3 S Boo. ae * 


„„ 
P 


. a 


Aa. 


* . 
SH : : 4 2 
Fx. 5 - "+ 


22 


1 
* 

8 

l 

5 


. 
a * 
* 
«x 
2 — 
Pr 


* * 8 FE : * 
. 4 Yet 1 1 


/ ov rnCTA 
e 


* 


Hy 


( 4s: 1 
131. 4 converſe propofition, is that 


which declares in its affirmative part, 
every thing contrary to a proceeding 


Olle. 


As, were it in any propoſition declared, that the 
greateſt angle, in any triangle, is oppoſite to the greateſt 
fide, the converſe of which propoſition will be, that 
the greateſt fide of any triangle would be oppoſite to the 
greateſt angle. 


132. By ſuppoſition, in geometry, we 
are to underitand, that a line, angle, 
&c. may, for the ſake of argument, be 
ſuppoſed to be drawn in any figure, or, 
that the propoſition may be otherwiſe 
than it is, whether is really ſo or not. 


For, in demonſtrating any propoſition, it will 
ſometimes be neceſſary to ſuppoſe, ſuch, and ſuch 
lines, angles, &c. to be drawn, which, in reality, are 
not ſo; and by the abſurdity of the concluſions, which 
may be drawn from ſuch ſuppoſitions, the demonſtra- 
tion is made evident; or, where a ſelf-evident propo- 
ſition is required to be proved, the only proof in 
ſach a caſe, will be, to deny the affirmation of the 
propoſition, and ſuppoſe it to be different from what it 
is declared to be; whereby, on the abſurdity of ſuch 
ſuppoſition (it not being poſſible to prove it any 
thing otherwiſe, than what it was originally affirmed 
to be) we conclude it muſt be true ; as, were it required 
to be proved, “ that every whole number, or quantity, 
it greater than its part; which being ſelf-evident, the 
only proof that can be brought, will be, to ſappoſe 
that the whole number cannot be greater, but leſs 
than its part; and by examining the propoſition 
on this ſuppoſition, and finding an abſurdity appear, 
we therefore conclude the propoſition to be true. 
And this mode of proving any propoſition, is called 


argu- 


— 46 ] 


ergumentum (or reducto ad abſurdum; that is, the 

opoſition is abſurd or impoſſible on that ſuppo- 
1 therefore, what was affirmed, or declared of 
it, muſt be true. 


133. Conſtruction of any figure, is 
the drawing or diſpoſing of its lines, 
angles, &c. geometrically, ſo as to 
make the proof of it more clear and 
evident. 


And, in the conſtruction of any figure, care muſt 
be taken, to uſe only ſuch lines, and angles, as are 
already well underſtood, or the properties of which, 
have been previoufly proved. | 


134. Demonſtration, 1s the proving, or 
making clear to the underſtanding, 
whatever is affirmed in any propoſi- 
tion, leaving you perfectly ſatisfied, 
as to the truth of it. 

The demonſtration is generally performed, from 
having the propoſition firſt ſtated, and afterwards draw- 
ing ſuch lines, as may appear neceſſary for the proof; 
from the properties of which lines, (already known) 
the proof, or demonſtration thereof, becomes obvi- 
ous and clear, and therefore, it is ſaid to he demon- 
ſtrated. The uſual methods of demonſtration, is by 


ſyntheſis, and analyſis, called the Hynthetical, and ana- 
Htical methods. | 


135. The ſynthetical method of demon- 
ſtration, is, when we purſue the truth, 
chiefly by drawing reaſons from prin- 
ciples before eſtabliſhed, and propoſi- 


tions formerly proved ; and thus, pro- 
cced 


ors 


„ 


ceed from a regular chain of argu- 
ments, or, as it were, by regular ſteps 
or gradations, until we come to the 
concluſion. 


This mode of argument, is called compgſition, and 
is in oppoſition to the analytical method; which 
latter method (although I ſhall not uſe it) I will 


"however explain, becauſe, it is ſometimes miſtaken 


for the ſynthetical. 


136. The analytical method, is the 
ſolving any theorem, by enquiring 
into the bottom, or fundamental prin- 
ciples of the propoſition: or, as it 
were, taking it all to pieces, and re- 
ſolving it into its parts; and by put- 
ing them together again, we fee into 
the reaſon and nature of it. 

This mode of argument is called reſolution, becauſe 


it reſolves any propoſition into its component princi- 
ples, or parts. 
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AN 
EF LAiATFATIONHN 
OF THE 


CHARACTERS and OBSERVATIONS 
USED IN THE FOLLOWING WORK. 


+ Plus or more, is the ſine of addi- 
tion, and any quantities between which 
it is placed, expreſſeth the /um of the 
quantities ; thus, a + 6, or (a plus b) 
ſignifies the : of any quantity re- 
preſented by a, added to the quantity 
repreſented by þ ; or, to make this bet- 
ter underſtood by a reader unacqainted 
with joining of ſuch quantities, ſup- 
poſe a repreſented the No. 15, and 6 
the No. 5, then, would 4 + 6, be the 
ſame as 15 + 5, (15 plus 5), or 20, 
the /um of 15 and 5, &c. 


— Minus or leſs, is the ſign of ſub- 
traction, and any quantities between 
which it is placed, expreſſes the dif- 
ference of the quantities; or, that the 
latter, is to be /ubtrafed from the for- 
mer; thus, a — b, or, (a minus b) ſig- 
nifies the difference between a and 6; 
thus, ſuppoſe @ and 56, repreſented the 


ſame quantities as before, then a — 6, 
or 
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or (a minus b) would be the ſame as 
15 — 5, or 10, the difference between 
15 and 5, &c. 


Into, or the ſign of multiplication ; 
and, when placed between any two 
quantities, it ſignifies the product of the 

uantities; thus, a x 6, or (a multiply- 
ing b) expreſſes the product of a and b, 
or, if a equal 15, and equal 5, as 
before; then a x b, will equal 15 x 5, 
or the product of 15 and 5, viz. 75, 
&c. Again, 4a, or 36, ſignifies, that the 
quantity repreſented by a, viz. 15, is to be 
multiplied by 4, or taken 4 times, and that 
by 6, 3 times; thus, 4a, equal 4 x 15, 
or 60; and 36, equal 5 X 3, or 15, &c. 


Note, where quantities are repreſented 
by letters, the product of the quaniittes 
may be expreſſed, without the ſign between 
them, by bringing them together, as in a 
word, thus, ab is the ſame, as a x b, Oc. 


—- By, or the ſign of divifion; and, 
when placed between any two quanti- 
ties, ſigniſics, that the former quantity 
muſt be divided by the latter; thus, 
a -- b, or (a divided by b), ſignifies 
the guotzent ariſing from dividing a, by 
b; or, to uſe the numbers before taken 
for theſe quantities, a —- , or (a di- 
vided by b), will expreſs the fame, as 
15 . 5, or 3; that is, the quotrent, 

E. alter 


Js a> 


after dividing 15 by 5, &c. of any 
other. 


Note, the diviſion of two quantities, can 
alſo be expreſſed, without the ſign between 
them, by putting the quantity or number 
you divide by, under the quantity or num- 


ber to be divided; thus, + or 7 the ſame 
as a-: b, or 15 — 5, vis. 3, Cc. 


= Equal, is the ſign of equality, 
or „ it ſignifies, when placed 
between two or more quantities, that, 
the quantity or quantities on the one 
ſide of it, will be equal to thoſe on 
the other fide; thus, c a + b, or a 
+ Dc, where, ſuppoſe that a and b, 
equal the numbers before mentioned, 
then, the expreſſion a + 6 = c, will 
be, that 15 + 5 c; wherefore, c, which 
before had no value aſſigned to it, now 
gets a value; for, from having the quan- 
tities on one fide of the ſign of equality 
known, the quantity repreſented by the 
letter c, on the other fide, 1s therefore 
alſo. known, it being equal to 4 + 6, 
which, in this caſe, is 20; for, 1 5 + 5, 
= 20, &c. of any other. 


All fuch expreſſions, as a b c, &c. are 
called equations, becauſe, the quantities on 
one 
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one fide, are ſaid to be equal to thoſe on the 

other; and, in geometrical arguments, ſuch 

expreſſions are extremely neceſſary ; for, by F 
uſing them, together with the above figns, or 

charafers, inſtead of the words they repre- 
ſent, the demonſlration becomes ſhorter, and 

leſs confuſed ; therefore, the reader muſt 

make himſelf well acquainted with them, 

and all other ſubſequent figns * he ſhall oc- 
cafionally meet with, if he be not ſo already. 


9. E. F. Quod erat faciendum, which 
was to be done. 


9. E. D. YQuod erat demonflrandum, 
which was to be demonſtrated. 


e. g. Exempli gratia, for example 
ſake. 


(141) Figures, thus placed, re- 
fer to the number of the definition, 
problem, &c. where the authority 1s 
given for proceeding, in that particu- 
lar manner, as directed, in that defini- 
tion, problem, &c. to which the refer- 
ence 1s made, 


There are, beſides the above, a few other characters to 
be explained, antecedent to the demonſtrative part, which, not 
being ufeful in this place, and to prevent burthening the readers 
memory, are omitted. 

E 2 PART 


1 


F 


PRACTICAL GEOMETRY. 


POSTULATE'S. 


137. I. That from any given point 
to another, a right-line may be drawn, 


That is, a rule being laid from the point A, to the 
point B, (fig. 60) the line A B may be drawn with 
the point of a pen, or fine pencil; this may be done 
alſo on the ground, by ſtraining a line from A to B, 
having previouſly placed ſmall ſtakes, or pickets, ® 
in the points A and B. 


Fence, the definition of a right-line, is evidently proved 
to be the flowwing of a point. 


138. II. That a given right-line, may 
be continued ſtill further. 


That is, the finite F line AB, (fig. 61) may be 
produced to. D, or further, at pleaſure, by laying a 
rule (as in poſtulate 1) from A to B; this may alſo be 
done on the ground, by placing ſtakes or pickets at A 
and B, thus, ſtanding behind A, and looking towards B, 
let another ſtake, or, as many more as you pleaſe, be 


* Pickets, are ſmall wooden pins about 18 inches or two 
feet long, generally uſed by engineers in drawing lines, &c. 
in the field, they are driven into the ground by a wooden 
mallet at proper diſtances, according to the figure deſigned to 
be executed; whereby they ſerve as directions to the workmen 
under them. 

+ A finite line, is that line which hath its tergzs given or 
known, whereby its length is determined, | 
| placed 
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placed in ſach a manner, that they may all appear to 
be in the ſame line, or behind B; then, lines ſtrained 
from one ſtake to the other, will continue the line as 
faras you chooſe. 

* 


139. III. That from any given point, 
as center, and with any given line, as 
radius, a circle, or an arch of a circle, 


may be deſcribed. 


Thus, extend or open your compaſs, from the 
point A to the point B, (fig. 62) the given diſtance 


or radius; with this opening in your compaſs, remove 


one foot to C; then, by moving, or revolving the other 
foot round, the point C all the time kept faſt, this revo- 
lution will produce the circle; or, if you pleaſe, only 
a part, or an arch of it; and, if you draw the line CD, 
from the center to the circumference, it will be equal 
to the given radius A B. (See rem. to def. 14). 


140. IV. That any right-line, or diſ- 
tance, may be taken, and transfered 
from one place to another. 


For, in the laſt poſtulate, the line AB, was taken 
in the compaſs and transfered to the circle, 


141. V. That one figure may be 
taken, and laid upon, or applied to, 
another, or conceived ſo to be done, 
whether it is really ſo or not. 


142. VI. That when any one quan- 
tity 18 compared with, and found equal 
to, two others, reſpectively, either of 
theſe two quantities, may be taken and 
managed, 


— —— — ' —— 
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managed, the ſame as the quantity, 
with which it was found to be equal. 


The reader, it is expected, will, before he proceeds, 
aſſent to the poſſibility of the above poſtulates, or, there 
muſt be an end to his purſuits; ſor, it will be impoſ- 
ſible to conſtruct a ſingle figure in geometry, without 
they are firſt granted; as, they are principally the 
materials with which he muſt work; for, in every 
ſcience, mathematical, or otherwiſe, it is nec 
ſome data ſhould be given, in order to proceed wi 
certainty therein ; and, the more ſimple, and plain 
that data is rendered, the more readily it will be aſ- 
ſented to, and underſtood ; conſequently, having leſs 
room for diſputation, he will proceed in the ſcience 
with ſatisfaction. 


The young ſtudent is particularly recommended, 
to draw every figure as he proceeds, obſerving care- 
fully, what points, lines, angles, &c. &c. are given 


him; which, he muſt always draw ſomething ſtronger, 


or more remarkable than the operativelines, which are 
generally dotted, or drawn much finer to diſtin- 
guiſh them from each other. But, in marking down, or 
obſerving what things are given, he need not draw 
them exactly, as they are placed in the figure before 
him; but, only obſerve, that the rules laid down 
for him in each problem, &c. muſt be carefully at- 
tended to, let him draw his firſt line how he will. 


e, g In the ſixth problem it is required, /9 make 


an angle equal to a given angle, at any given point in a 


right-line. 


In this problem it is not determined in what poſi- 
tion this line is to be drawn, on which the angle is to 
be made; beſides, the point, at which the angle is 
to be conſtructed, may be taken at either end of the 
line, or at any point in it; therefore, the angle may 
be compleated at either extremity, or at either fide of 
the line; for, it is required only by the propoſition, 2— 

m 
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make the angle equal to the given one, which being 
done, is all that is requiſite. | 


In general, let him be careful, having firſt drawn 
his given line, or lines, to obſerve the directions laid 
down in the operative part of the problem, and proceed 
ſtep by ſtep, drawing every line, angle, &c. as 
directed; and, to be proper in every matter, let him 
| Preſerve his drawing inſtruments clean from dirt, 
always wiping his drawing pen in particular, clean 
and dry, when he has done uſing it, to prevent ruſt, 
as nothing is more detrimental than the ruſt from ink: 
in uſing his inſtruments, he muſt be careful to drawhis 
lines clean, and neat; and, when only a blank or dotted 
line is to be drawn, let him lean very light on the in- 
ſtrument he uſes * for that purpoſe, to prevent cutting 
or ſcratching the paper, as nothing is more ſhameful 
than to ſee all the geometrical lines, neceſſary for the 
finiſhing any plan, &c. ſcratched or cut in the paper; 
on the contrary, nothing can be more creditable or 
pleaſing, than to ſee a clean, neat plan, from the 
draſt{man. 


Note, all dotted lines are beſt done, by uſing a common 
pen, (having firſt drawn a blank lire, as a direction,) inflead 
of the dotting pen in your caſe ; for, unleſs the inſtrument 
: _ made, the ink vill clog in the wheel, and blot 
the line. 


* For ſtraight or right-lines, uſe your pencil, or, only the 
ivory top of it, and for circular lines, the point of your compals, 
or the pencil point, which is in your caſe for that purpoſe. 
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PRACTICAL GEOMETRY, 
Pros. I. 2 Evc. Lis. 1.0 


143. From a given point, to draw a 
line equal to a given line. 


Let the given point be C, and the given 
line AB. | fig. 1. 


Mernop 1. Extend or open your compaſs, 
from one extremity of the given line, as A, to the 
other extremity, B. 

2. Keep that opening in your compaſs, and re- 
move one foot to the point C; and on either fide 
of C, as may beſt ſuit your purpoſe, ſweep the 
arch ab, (139). 

3. Lay a rule from C, to any point in this arch, 
as D, and draw the line AD, which, will be equal 
to the given line. (137). 2, E. F. 


On conſtruction. 


The uſe of this problem is very evident, in drawing 
any plan on paper ; for, by it a line of any given length 
can be taken from a plane ſcale, and transfered with 


convenience to the plan, | 


Pros. II. 10 Evc. Lis. 1. 


144. To biſect, or to divide a line, 
into two equal parts. 


Let the given line be A B. fig. 2. 


* The numbers of the problems in Euclid, refered to, are the 
ſame as in Whifton, which, being more generally uſed in the 
College, is therefore choſen. 
| Mzrrxop 


E WI 
Meruop 1. From each extremity of the given 
line, A and B as centers, and with any radius greater 
than half AB, deſcribe two arches, cutting each 
other in C and D. (139). 


2. Lay a rule from theſe points, where the circles 
cut each other, viz. in the ſections C and D, which 
will cut the given line in E, the point required. 
2. K. £, 


Def. 13. and theorem 1 & 3, 


On the ground. 


Strain a line from A to B, and double the line, 
by bringing the two ends A and B together, bring 
the ends thus doubled to A or B; a ſtake, (or 
picket) put in the gon between A and B, in 
the loop of the cord, pulling it tight, will be the 
middle required. 


Note, the arch of a circle may be divided nearly in the 
Same manner; for, let the chord of the arch be drawn, the 
ſame line CD, that biſeds the chord A B, will alſo biſe# 
the arch in f. 


Pros. III. Scho. 10 Euc. Lis. 6. 


145. To triſect, or divide into three 
equal parts, any given right- line. 


Let the given line be AB. fig. 3. 


Mrnop 1. With any convenient radius greater 
than half AB, make the two ſections à and 6, 
(139) and draw the lines a A, and a B. 


2. Biſet a A, anda B, inc and d. (144). 


3. Draw the lines , and d, and they will di- 
vide the line A B, as was required. 


Theo. 38. 


For another method of triſe&ing a line, ſee remark toprob. g. 
ProB. 


— — — — 
= . — — 
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Pros. IV. 11 Evc. Lis. 1. 


146. To raiſe a perpendicular, from 
a given point in a right-line. 


Casz I. Let the given line be AB, and 
the given point C, at or near the middle 
of the line. fig. 4. No. 1. 


Mernop 1. On each fide of the given point C, 
lay off any convenient, but equal diſtances c, and 
c d. 42. 

2. On theſe points, & and d, as centers, with any 
diſtance greater than 6 C, as radius, ſweep two ſmall 
portions of circles, cutting each other in D. (139). 


3. From the ſection at D, draw a right-line to 
the point C, (137) and this will be the perpendicular 
required. 

Theo. 3. 


On the ground. 


Provide a rod, or pole of 12 feet long,* which, let 
be divided into feet, and each foot into ten parts; 
with this rod meaſure from C, to h or 4, 3 feet; then 
take a ſmall line, or cord of 9 feet long, in which, 
at the diſtance of 4 feet, make a knot ; 3 holdin 
one end of the line at C, and the other at 3, or d, 
let ſome other perſon take the knot of the cord in 
his hand, and draw it tight, and there drive a picket 
in the ground at D; ſo much of this cord as lies 
between C, and the picket at D, will be the perpen- 
dicular required. 


The great length of this rod may be obviated, by having 
it made in two joints, each of fix feet long, and made to join 
like a meaſurer's rod; and, if the diviſions on it be numbered in 
the ſame manner, it will be found very convenient; as, it may 
be extended to anſwer any diſtance, above ſix feet, within the 


extent of it. 
CASE 


C 3 


Cas II. Let the given point C, be at 
or near the end, of the given line AB, 
from whence to make a right-angle. 
fig- 4. No. 2. 


Marnop 1. Put one foot of your compaſs in C, 
and extend the other to any convenient point, over 
the given line, as d, but, let it be nearly in the middle 
between the given line, and where the perpendicular 
is to be drawn; on this point as center, and with the 
radius d C, deſcribe an arch greater than a ſemicircle, 
(139) which, let paſs through the given point C, 
and cut the given line in e. 

2. Draw a line through e and d, and produce it 
until it cuts the circle in D. (137). 


3- Draw the line C D, which will be the perpendicu- 
lar required. 


Cor. 3. to Theo. 28. 


On the ground. 
Lay your rod to the given point C, and, on the 


iven line at the end of three feet, ſtick a picket ; 
wh take the ſmall line or cord before uſed, and 
bring one end to C, and the other to the picket ; 
which, let be drawn tight, and a ſecond picket put 
at the knot of the cord ; now, if a line be ſtrained, or 
drawn from C to this ſecond picket, it will be the 


perpendicular required, 


The uſe of perpendiculars, and right-angles, are ſo 
evident, that it is almoſt needleſs to point them out, particu» 
larly to builders, and other mechamcks ; for the execution of 
their works not only depends entirely upon them, but 
they give to their work beauty, ſtrength, and conveni- 


ence, Cc. 


PRoB- 
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50 ] 


Pros. V. 12 Euc. LIB. 1. 


148. To let fall a perpendicular to a 
given line, from a given point, xof 
in the right-line. 


CasE I. Let the given point be A, 
nearly over the middle of the given 
line BC. fig. 5. No. 1. 


Mernop 1. On the given point A, as center, 
weep an arch with any convenient radius greater than 
the diſtance between the point and the line, which, 
let cut the given line BC, in & and d. (139). 

2. Biſe& the line þ din e, (144) or, take Ad 
or A 6, as radius; and, from the points ò and d, make 
the ſection D. (139). 

3. Draw the line A D, and ſo much of it as A e, 
which falls from A upon the given line, will be the 
perpendicular required. 2, E. F. 


Note, when the rule is laid from A to D, in order to 
draw the line A D, no more of the line need be drawn than 
Ae, as no more of it is required. 


Theo. 3. 


= 


On the ground, when the diſtance is 


Short. 


Proceed in the ſame manner as above, only uſe 
your 12 feet rod, inſtead of your compaſs; thus, 
take the diſtance between the given point A, and any 
point as i, in the given line, let the ſame diſtance be 
laid from A to d; lay the rod from & to d, and ſtick 
a ſtake or picket, at half the diſtance in e, then, ſtrain- 
ing a cord, or lay the rod from A toe, and it will be 


the perpendicular required. 
When 


MS 
When the point A is at a great diſtance. 


Let a cord be ſtretched from the point A, to any 
convenient point in the given line, as 6, where, make a 
mark; keep this cord falt at A, and, drawing it tight, 
let the end at þ be removed to d, where, make ano- 
ther mark, then, at half the diſtance e, between 6 
and d, ſtick a picket, and a line drawn from A to e, 
will be the perpendicular required. 


149. CAsE II. Let the given point be 
A, and nearly over the end of the given 
line BC. fig. 5. No. 2. 


MzeTnor 1. From the given point A, to any con- 
venient point, as 6, in the given line, draw the line 
Ab. (137). 


2. Biſect the line A in d. (144). 


3. On d, as center, and with the radius 4 A, ſweep 
an arch, which will cut BC in D. (139). 


4. Draw the line AD, which will be the per- 
pendicular required. 


Cor. 3. to Theo. 28. 


On the ground. 


Lay your 12 feet rod from the given point A, to 
any point in the given line; for inſtance, in 5, ſtick a 
picket at the end of 6 feet, in d, then make the diſtance 
from d to D, equal 6 feet, and a line drawn from A to D, 
will be the perpendicular required; but, ſuppoſing your 
12 feet rod too ſhort, take a cord of any convenient 
length, which double in the middle, and there make 
a knot, then ſtrain this cord, from the given point, to 
any point in the given line, as 6, ſtick a picket by the 
knot in the cord, at d, then, keeping the middle 
of the cord faſt at d, remove the end of the cord 
from A to the given line, and it will give the point 

D: 


, 
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D; from Which, ſtrain a line to the given point, 
and it will be the perpendicular required. 


Pros. VI. 23 Evuc. Lis. 1. 


150. To make an angle, equal to a 
given angle, at any given point in a 
right-line. 


Let the given angle be D, and the given 


point A, at the extremity of the given 
line AB. fs. 6. 


Mernop 1. From d, the point of the given angle, 
as center, with any radius ſweep the arch ab. (139). 

2. From the given point A, in the given line, as 
center, with the ſame radius, ſweep the arch ce. 
(139): 

3. Take the interval a ö, (or the diſtance between 
the ſides of the given angle) and transfer it, from c to f 

in the arch c e, on the given line. (140). 

4. Through the point /, draw the line A /,. 
(137) and it will form the angle B A /, equal 
to the given angle D. 2. E. F. 


Theo. 3. 


Note, it might here be taught, how to meaſure an 
angle, but that will not be done, until a line of cords is firfl 
conſtrued, which will be in prob. 31, after which 
it will be better — g 


1 — N 


ProB. 


LC I 
Pro. VII. 9 Evc. Lis. 1. 


151. To biſet a given right-lined 
angle. 


Let the given angle be ABC. fig. 7. 


Mruop 1. From the point B of the given angle, 
with any convenient radius, ſweep the arch ab; this 
will mark the equal intervals, B a and B86, on the 
lines of the angle. (139). 


2. On a, and, as centers, with any interval greater 
than half à ö, ſweep two arches, cutting each other 
in D. (139). 

3. Draw the line D B, from the ſection D, to the 
angular point at B, and it will divide the angle. 
E. F. (137). 


Theo. 3. 


On the ground. 


Take, in the lines of the given angle, any equal in- 
tervals, as B a and B b, meaſure half the diſtance 
abine, (144) a line ſtrained from B through e, will di- 
vide the angle, as was required. 


By this problem carpenters, joiners, &c. eafily find 
what they call a mitre, whether it be a right, acute, or 
an obtuſe angle, which is always half the angle, be it in- 
ternal or external ; and, without it be properly found, the 
mouldings will not fit exad, therefore, they are very 
careful in this problem, 


Pros, VIII. Cor. 13. to 32 Evc. Lis. 1. 


152. To triſect, (or divide into three 
equal parts) any given right-angle. 1 
E 
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Let the given right-angle be AB C. 
fig . 8, 


Mernop 1. From the angular point B, with 
any radius, ſweep the arch be. (139). 


2. Transfer the radius from 6 to d, and alſo from e to 
e, making the ſections d and c; if lines be drawn through 
theſe points d and c, they will divide the angle, as was 
required. (140). 


On conſtruction, and cor. 7, to theo. g. 
Pros. IX. 31 Evc. Lis. 1. 


153. To draw a line parallel to a 
given right-line, which ſhall paſs 
through a given point, or beat a given 
diſtance. 


Let the given line be AB, the given 
point C, and the given diſtance, D. 


fig. 9. 


Msrnop 1. Suppgſing the point C given, with one foot 
of your compaſs in C, as center, ſweep an arch, ſo 
as juſt to touch the given line in the point n, but, by 
no means to cut it. (153). 


2. With the ſame interval, as radius, and from any 
other point in the given line as e, for a center, ſweep 
a ſmall portion of an arch over the given line. (139). 


3. From the given point C, draw the line CE, ſoy 
as juſt to touch this arch, but not, on any account, to 
cat it, and this line CE, will be the parallel required. 


Again, ſuppoſe the diſtunce D vas given, take that diſ- 
tance as a radius, and from any convenient points as e, 
and n, in the given line, ſweep ſmall portions of 
arches (139) over the given line, as in the ſecond 
method above, if a line CE be drawn, fo, as iu to touch, 
but, not to cui theſe arches, it will be the parallel required. 


Theo. 8. 


Net 9 . 


1 


Note, the line AB, (prob. 3) may be triſedted other- 
viſe, thus, having biſccted a A in c (fig. 3) and drawn ch; 
from a, draw a line parallel to c b, and it will, withcb, 
divide it, as Was required, 


On the ground. 


Set the given diſtance perpendicular from any 
two points in the given line, and a line drawn 
through the extremities of theſe perpendiculars, will 
be the parallel required. 


There are other methods uſed for drawing a line pa- 
rallel to another, through a given point; (See 31 Euc. 
Lib. 1.) but, they are omitted, as the above method is much 
ſhorter. 


Pros. X. 1 Evuc. Lis. 1. 


154. Upon a given line, to make 
an equilateral triangle. 


Let the given line be AB. fig. 10. No. 1. 


Mernop 1. From the given points A and B, and 
with the radius of the given line AB, deſcribe two 
arches cutting each other in C. (139). 


2. From the point C, draw the lines C A and C B, 
(137) theſe lines will compleat the triangle required. 
VL, &. F. 


Def. 3. and Ax. 1. 


Nearly in the ſame manner, may any iſoſceles tri- 
angle, as A DB, fig. 10, No. 2, be conſtructed, the 
equal fides of which, ſhall be of any given length, 
as C; for, from the extremities of the given line A 
and B, as centers, let two arches be fwept with the 

F radins 


1 


radius C (the given length) cheſe will interſect in D, 
then draw the lines AD and BD, and the triangle 
will be compleated. 2, E. F. 


Pros. XI. 22 Euc. Lis. 1. 


155. To make a right-lined triangle, 
whoſe ſides muſt be reſpectively equal 
to three given lines, or, to the ſides 
of any other given triangle. fig. 11. 


Let the three given lines, be the fides of 
the triangle ABC. 


Mernop 1. Draw the line DE equal AB (143) 
one of the ſides of the given triangle. 


2. With the line AC, another of the given ſides, 

as radius, and on D, as center, ſweep the arch a \ 

(139)- 

3. In ſame manner from E, with the radius BC, 

ſweep another arch de, cutting the arch ab in G. 

(139)- 

4. Draw the lines DG and E G, which will com- 
pleat the triangle required. 2. E. F. 


On conſtruction. 


Note, the proceſs would be the ſame, were the three lines 
of the triangle A BC, given ſeparately. But, when three 
lines are given, any two of them muſt be greater than 
the third, or the problem will be impoſſible. (See rem. 
on def. 42). | 


Pros. 


1 
Pros, XII. 46 Evc. LIBE. I. 
156. To makea ſquare, on a given line. 
Let the given line be AB. fig. 12. 


Mernop 1. Upon the extremity. B, of the given 
line, ere& a perpendicular B C (146) which, make 
equal to the given line AB. 


2. On the points A and C, as centers, with the 
radius of the given line AB, ſweep two arches in- 
terſecting in D. (139). 

3. Draw the lines AD, and CD (137) which, 
will compleat the ſquare. 2, E. F. 


Theo. 3, 8. Cor. 2, to Theo. 5, and 
Def. 52. * 
On tbe ground. | 

On A and B erect two rpendiculars, AD and 


BC, each equal the given line AB, a line drawn 
from D to C, will compleat the ſquare. Q: E. F. 


PROB. XIII. 


157. To make a rectangular paral- 
lelogram, on a given line, and of a 
given breadth. 


Let the given line be A B, and the given 
breadth be C. | fig. 13. 


Mrrnop 1. Upon the extremity B, of the given 
line A B, raiſe a perpendicular (146 Caſe II) which, 
equal the given breadth C. (143). 

F 2 


2, On 


| 
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2. On the point D, as center, and with the radius 
A B, ſweep an arch over the extremity A, of the 
given line. (139). 

3. On the point A, as center, and with the inter- 
val C, ſweep another arch, cutting the former in E. 

| 139). 

4. Draw the lines DE and AE, which will com- 
pleat the parallelogram. 2. E. F. 


Theo. 3, 8. Cor. 2. Theo. 5. Def. 50 and 
51. 


The performance of this on the ground is the 
ſame as the ſquare, which, to avoid repetition, is 
omitted. 


The ſquare and redtangle, or parallelogram, is of great 
uſe in mechanicks, for moſt regular figures are reaangles, 
and, in the menſuration of moſt figures, their area is reduced 
to a flandard meaſure, by the ſquare or the refangle, but 
more generally the ſquare. 


PROB. XIV. 


158. To make a rhombus on a given 
line, which ſhall contain a given 


angle. 


Let the given line be AB, and the given 
angle a. fig. 14. 


Mernob 1. On one extremity A, of the given 
line, make an angle (150) equal to the given angle 
a, with the line AD; which produce, until it is equal 
to the given line AD. (138). 

2. On the points B and D, as centers, with the in- 
tervals of the given line AB, ſweep two arches 
cutting in C. (139). 
3. Draw 
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3. Draw the lines BC, and DC, which will com- 
pleat the rombus required. 2, E. F. 


Theo. 5, 8, and Def. 53. 
Pros. XV. 


159. To make a rhomboides on a 
given line, which ſhall contain a given 
angle, and of a given breadth. 


Let the given line be AB, and the given 
breadth H, and the given angle a. fig. 15. 


Meruop 1. On one extremity of the given line, as 
A, raiſe the perpendicular A D (146 Caſe IL.) equal 
to the given breadth H. 

2. 228 the point D of this perpendicular, 
draw the indefinite line, G F, of any convenient length, 
parallel to A B. (153). 

3. Make at the point B, an angle equal to the 
given angle @ (150) and produce its fide BC, until 
it meets the parallel line GF in C. (138). 


4. Take the interval AB, and transfer it from C- 
to E, in the parallel G F. (140). 


- Draw the lines CE, and AE (137) which 
ill compleat the rhomboides required. 


Theo. 3, 8, and Def. 54. 


Hence, a rectangle may be made equal to a rhom- 
bus or rhomboides, and the contrary ; for, if on the 
baſe of the figure, as on AB (fig. 14 and 15) a rect- 

angle be conſtructed, whoſe perpendicular altitude, 


* Such lines are called indefinite, becauſe, their length is not 
given or determined, but, may be taken of any length at * 


1 

ſhall be equal BE or A D, it will be the rectangle re- 
quired; again, ſuppoſe the rectangle, AF (fig. 15) was 
given, to make a parallelogram equal to it, containing 
a given angle; make the angle A BC upon one extre- 
mity of the baſe of the rectangle, equal to the given 
angle a, and conſtruct it ſo, as to lie between the ſame 
parallel lines with the rectangle, and the parallelograms 
AC and A F, will be equal, (per. theo. 15). 


Hence, {and per rem. to def. 52.) the area of a pa- 
rallelogram is proved to be the product of the baſe into 
the perpendicular altitude, and the contrary. 


Pros. XVI. 1 Evc. LIB. 3. 


160. To find the center of a circle. 
Let the given circle be EDFC. fig. 16. 


MerTHrop 1. Draw in the circle any chord, as AB. 


2. Biſect AB (144) with the line CD, which line 
CD, will be a diameter. 


3. Biſect this diameter with the line EF, (144) 
and the point G, where AB and DC interſect, will be 
the center. ©, E. F. 


Cor. 2, to Theo. 26. 
PROB. XVII. 


161. To divide the circumference 
of a circle into quadrants. | 


Let the given circle be ACBD. 
fig. 17. 


MeTHronr 1. Draw the diameter A B. 
2. Biſe this diameter (144) with the diameter 
D 


9 


Wo. 
DC, and the extreme points A, C, B and D, of the 


diameters, will divide the circle as was required. 
E. Z. F. | 


On conflruftion, 
Pros. XVIII. 


162. To divide a circle into 12, 24, 
&c. equal parts. 


Let the given circle be ABCD. fig. 18. 


Mxruop 1. Divide the circle into quadrants. (161). 
2. Triſe& each quadrant (152) in the points a, 6, 
c, d, e, &c. which will divide the circle into 12 parts. 


But, was it to be divided into 24 equal parts, 
biſect each twelfth part (per note to 144) and it will 
be done as you required : again, if theſe parts be 
biſected, the circle will be divided into 48 equal 
parts, &c. | 


On conſtruction. 
Pros. XIX. 


163. To divide the circumference 
of a circle into 8, 16, 32, &c. equal 
parts. 

Let the given circle be ACBD. 

fig. 19. 

Msrnop 1. Divide it into quadrants. (161). 


2. Biſect each quadrant (per note to 144) and you 
divide it into 8 equal parts. 
3. Theſe 


l 


3. Theſe parts again biſected will divide it into 
16 equal parts. 1 " 


4. In the ſame manner biſe& theſe parts, and you 
divide into 32 equal parts; and fo on, by continual 
biſections, you may divide as far as you pleafe in the 
ſame proportion. But, 


As the continual biſetion of arches will be very trou- 
Bleſome and tedious, it may, in a great meaſure, be avoided, 
for, if you have 8 divided one ſemicircle as di. 
refed, you may draw lines from each diviſion of it, through 
the center; the extremities of theſe lines, meeting the op- 
Pofite ſemicircle, will cut, or divide it in the ſame manner 
as the other ; but, great care muſt be taken in dividing the 
firſt ſemicircle, for a trifling error in that one, will be 
transferred to the other, and conſequently, make a material 
difference in the divifion of the circle required. 


On conſtruction. 
Pros. XX. 5 Euc. Lis. 4. 


164. To deſcribe a circle through 
any three given points, mot in à right- 
line; or, to circumſcribe a circle about 
a triangle; or, (as Euchd has it in 25 
Prob. 3 Book) having part of an 
arch of a circle given, to perfect 
the whole carcle. 


Let the three given points be A, B, and 
C. fig. 20. 


Mrrnop 1. Draw the lines AB, and BC. (137). 


2. Biſect theſe lines with the lines cd, and ab (144) 
which lines let interſect each other in D. 


3. From 


„ 


3. From the point D, the interſections of theſe 
lines, as center, if a circle be deſcribed with the ra- 
dius DA, the circumference ,will paſs through B 
and alſo C. 2. E. F. 


Cor. 2, to Theo. 26. 


Note, the proceſs is the ſame, vas a triangle given; for, 
the angular points of the triangle, may be taken as the 
three given points ; alſo, ſuppoſe an arch of a circle was 
given to be perſected, let three points be talen any where in the 
arch, and by proceeding as above, the center will be found, 
whereby the circle may be perfected. 


Pros. XXI. 


165. To make an equilateral triangle 
in a circle. 


Let the given circle be A a, Bb. fig. 21. 


Meruop 1. From any point, as A, in the cir- 
cumference, as center, ſweep an arch with the radius 
of the given circle (139) which arch, let cut the 
circumference in the points a and 5. 


2. Draw the chord a6, which will be the fide of 
the triangle required: and the triangle may be com- 
pleated by laying this chord @ b, from a to B, and 
drawing che lines à B, and B6, 


Theo. 28. 


Note, by biſeaing the arches of a circle, including an equi- 
lateral triangle, as in cd, &fc. and joining theſe points with 
the chord of each arch, you produce an inſcribed hexagon. 
But, vas the hexagon alone to be inſcribed, ( 15 Euc. Lib. 4) 
it is not neceſſary to make the triangle firſt; but, the method 
auill be, to transfer the radius of a circle round the circum- 
ference, from any point, as B, to d, ö, A, &c. and lines 
drawn to theſe points, will form the hexagon much 
Shorter. And, if each arch of the hexagon be _ 


1 
end chords drawn to each arch, you thereby form a dode- 


agon, for, each arch being a ſixth of the circumference 
Fo Bleach muſt be the twelfth — 8. f 


Pros. XXII. 2 Evc. Lis. 4. 


166. Toinſcribe a triangle in a circle, 
which ſhall have equal angles to a given 
triangle, 


Let the given triangle be abe, and 
the given circle AB C. fig. 22. 


Mero 1. Draw the line DE, touching the cir- 
cle in B, which may be done, by laying a rule from the 
point D, ſo as juſt to touch, but not to cover any part of the 
circumference, and drawing the line by it. (137). 

2. Make the angle DBA, equal to the angle C, 
and the angle E BC, equal to the angle a (150) 
and continue the ſides until they meet the circum- 
ference in A and C. 


3. Draw the line AC, and the triangle ABC will 
be the triangle required. 2, E. F. 


Theo. 30. 
Pros. XXIII. 3 Euc. Lis, 4. 


167. To circumſcribe about a circle 
a triangle, which ſhall have equal 
angles, to a given triangle. 


Let the given triangle be def, and the 
given circle BG C. _ 23. 


MEeTHoD 1. Produce the ſide ef, of the given 
triangle, ſo as to make the external angles = and o. 
(138). 

2. Make 


x,» 


2. Make at the center A of the eircle, the angle 
BAC, equal to the angle u; and the angle GAC, 
equal to the angle o. (150). 

3- Draw the lines DE, EF, and FD, perpendi- 
cular to A B, AC, and AG, and meeting each other 
in the points D, E, and F, which will compleat the 
triangle. Q. E. F. | 


Theo. 6, 27, 29. Cor. 3. Theo. 9, 
and the Cor. to Theo. 6. | 


Pros. XXIV. 6 Evc. Lis. 4. 


168. To make a ſquare in a circle. 


Let the given circle be ABCD. 
bg. 24- 


Mrnop 1. Divide the circle into — 

(161 . 

2. Draw the chords AB, BC, CD, and DA of 

_ — and the ſquare will be compleated. 
L. * * 


On conſtruction, and Cor. 3, to Theo. 28. 


Note, if each quadrant be biſedted in a, b, c, and d, 
and chords to thoſe biſectiont drawn, the chords thus con» 
nefed, will male an ofagon in the circle; for the circum- 
ference is divided into eight equal parts ; firſt, into four by 
the ſquare inſcribed, and ſecondly, into eight by biſefing 
each fourth part, for each quadrant is a fourth part of the 
circumference, conſequently, each half muſt be one-eight part. 


ProB. XXV. 7 Evc. Lis. 4. 


169. To circumſcribe a ſquare about 
a given circle. c 
| Let 


— 


— — 
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Let the given circle be AB CD. fig. 25. 


MeTHop 1. Divide the circle into quadrants, by 
the diameter AB and CD. (161). 


2. Through the points D and C, draw the lines 
EF and GH, parallel to AB. (153). 


3. Draw, in the fame manner through A and B, 
EG and FH ; parallel to DC, the meeting of theſe 
lines in the points E, F, G, and H, will compleat 
the ſquare. 2. E. F. | 


Theo. 14, 27, and Cor. 1. Theo. 32. 


Note, the circumſcribed ' ſquare is always double the 
inſcribed ſquare, as may be proved from Theo. 16. and a 
circle may be inſcribed in, or circumſcribed about a ſquare, 
(8 and 9 Euc. Lib. 4.) by taking the interſefions of the 

wonals as the center of the circle; and the radius of the 
inſcribed circle, ill be the dire radius, and of the circum- 
ſcribed, the ſemidiagonal, | 


Pros. XX VI. 


170. To make a pentagon on a given 
line. 


Let the given line be AC. fig. 26. 


Meruop 1. Biſect the given line in E. (144). 


2. Upon C, raiſe a perpendicular CD, which make 
equal to the given line. (146 Caſe II). 

3. On E, as center, with the radius ED, ſweep an 
arch. DF, meeting AC, produced in F. (139). 

4. With the interval AF, and on A and C, the 


ends of the given line, ſweep two arches cutting each 
other in G. (139). 


5. From the points A and G, and with the inter- 
val of the given line, ſweep two arches cutting each 
other in I, and in the ſame manner, with the ſame 
radius, ſweep arches from Cand G cutting in K. (139). 


6. Draw 


E 


6. Draw the lines Al, IG, GK, and KG, which 
will compleat the pentagon required. 


On conſtruction. 


To perform this on the ground, ſee after problem 32. 
PRoR. XXVII. 11 Evc. Lis. 4. 


171. To make a regular pentagon 
in a circle, 


Let the given circle be ADBG. 


Mruob 1. Draw the diameter AB, on the mid- 


dle of which, viz. the center C, raiſe the perpendi- 
cular CD. (147). 


2. Biſect, or divide the radius CB in E. (144). 


3- On E, as center, with the radius ED, deſcribe 
the arch EF. (139). 

4. Draw the chord DF, which will be the ſide of 
the pentagon required. 


5. From D, transfer the diſtance DF, to the 
points a, 5, c, d, &c. in the circumference, and 
join them with the lines Da, ab, bc, &c. and the 
pentagon will be compleated. 2. E. F. 


On conſtruction. 


Note, if each arch of the circumference, ſubtending 
the ſides of the pentagon, be Biſedted and joined by chords, 
you will thereby form the decagon, for each arch is a 
fifth part of the circumference, therefore, the half of each 
ill be a tenth part. 


Pros. XX VIIL. 


172. To conſtruct or inſcribe in a 
circle, any regular polygon whatever. 


Let the given circle be ABC, and the 
polygon to be inſcribed an eptagon. fig. 28. 


MeT#roD 


19 4 

Mrnop 1. Draw the diameter AB, which divide 
into 7 equal parts by repeated trials (the polygon 
baving 7 fades ). 

2. On the points A and B, with the diameter, as 
radius, ſweep two arches cutting each other in D. 

| (139)- 

3. From the ſection D, and through the ſecond 
diviſion of the diameter, draw the line Dd; and Bd 
will be the fide of the eptagon required. 


4. From d, transfer the line B d, round the 
circumference to 1, 2, 3, &c. and the chords joinin 
theſe points, will compleat the eptagon requi 
2. Z. F. 


Note, in n any other regular polygon, by this 
rule obſerve, that the diameter muſt always be divided into as 
many equal parts, as the polygon has fides; and always 
draw the line from the ſefion D, through the ſecond di- 
viſion of the diameter, and where it meets the circumfer- 
ence, it will cut off the fide required. 


But, the conſtruction of any regular polygon in a 
circle, can be much more expeditiouſly and better 
performed by the help of a ſedor (an inſtrument 
which every caſe of inſtruments ſhould be furniſhed 
with) thus, look for the line of polygons on the ſec- 
tor, which is marked with the word polygons ; then 
open the ſector, until the diſtance from 6 to 6, 
on that line, will be equal to half the diameter, or 
the radius of the circle; which diſtance, muſt be pre- 
viouſly taken in your compaſs, in order to open your 
ſector, which is generally performed in this man- 
ner; on the line of polygons, at the No. 6, on both 
ſides of the ſector, is fixed a braſs point ; on one of 
theſe points, put one foot of your compaſs, which, 
as I before obſerved, muſt firſt be opened equal to 
the radius; then, open the other ſide of the ſector, 
until the other foot of the compaſs will fall on the 
braſs point in that fide, when that is done, the ſector 
is faid to be adjuſted ; then, as the polygon is to be 
an cptagon, you mult remove one foot of your com- 

paſs, 


=» 


paſs, nearer the joint of the ſector, to the No. 7; and, 
keeping the ſector as before adjuſted, cloſe your 
compaſs ſo much, that the other foot ſhall, in ſame 
manner, fall on the No. 7 in the other ſide of the 
ſector; this opening of the compaſs, if transferred 
to the circumference of the circle, will go ſeven times 
round; and, if ſections be made in the circumference, 
as the compaſs is carried round, and chords drawn 
to theſe ſections, the eptagon will be conſtructed as 
was required. Laſtly, you may, for any other po- 
lygon, having firſt adjuſted the ſector to the radius 
— circle, _ the compaſs from 4 to 4, for a 
ſquare 5 to 5, for a pentagon 6 to 6, an hexagon, 
&c. &c. and ſections made as before, and chords 
drawn will make the polygon required. 


Pros. XXIX. 


173. To deſcribe a circle, which 
ſhall contain any regular polygon, 
the fides of which ſhall be of any 


given length. 
Let the given fide be AB, and the 


polygon to be confirufted a pentagon. 
fig. 29. 


MEeTmroD 1. Deſcribe the circle a, B, c, d, e, with 
any radius at pleaſure (139) in which, by the laſt 
problem, let a ſimilar polygon to that required, be 
inſcribed, which, in the preſent. caſe is a pentagon. 

2. Draw the radii ca and ch, and produce any 


ſide of the polygon, as ab to h, ſo that ah ſhall be 
equal to AB, the given length. 

3. Draw Y B parallel to the radius Ca, which 
produce until it meets the radius C 5, produced in B 
(138) and the line CB, will be the radius of the 
circle, which will contain the pentagon required. _ 

| e 


0 

The above problem can, as well as the former, 
be performed very conveniently with the ſector; thus, 
take in your compaſs the diſtance AB, and open 
the ſector, until the diſtance will reach from 5 to 5, 
on the line of polygons {becauſe the polygon to be 
conſtrudted is a pentagon) keep the ſector exact and 
fixed to this opening, and remove your compaſs 
from 5 to 5, and take the diſtance from 6 to 6 on 
the ſame line, which diſtance, will be the radius of a 
circle, that will contain the polygon required. But, 
ſuppoſe the polygon to be conſtructed was an eptagon, 
odagon, &c. you mult firſt open the ſector, ſo that the 
given diſtance AB, will reach from 7 to 7, 8 to 8, &c. 
and the diſtance from 6 to 6, will always be the radius. 


Note, this problem will be found of great uſe in for- 
tification, for, ſuppoſe a regular polygon was to be for- 
tified, the fide of which ſhould be of any given length, 
evhich is generally the caſe; by this problem, a circle is 
drawn, which will contain the required polygon, where- 
by, the polygon can be better conſtrufed, than without it. 


Pros. XXX. 17 Evc. Lis. 3. 


174. To draw a tangent to a circle 
which ſhall paſs through a given point. 


Case I. Let the given point be A, 
and in the circumference of the circle. 


fig. 30. No. 1. 


Mernop 1. Draw from the center C, into the 
given point A, the radius CA. (137). 

2. On the point A, of the radius CA, raiſe the 
perpendicular B A(146 Caſe II.) which produce to D, or 


* Obſerve always to keep the opening of the ſector unal- 
tered, when once it is adjuſted to any radius, figure, &c. 


any 


1 
any other convenient point, and BD will be the tan- 
gent required. | 


On conſtruction, and Theo. 27. 


175. CAsE II. Let tbe given point be A, 
but not in the circumference. fig. 30. No. 2. 


Mruop 1. From the center C to the _ point A, 
draw the line CA, which will cut the circle in e. 


2. Biſet AC in B, (144) and from B, as center, 
with the radius BA, deſcribe an arch which will cut 
the circle in D. (139). 


3- Draw the line AE through the point of inter- 
ſection D, (137) and AE will be the tangent required. 


Theo. 27, and Cor. 3. Theo. 28. 
Pros. XXXI. 


176. To divide the circumference 
of a circle into degrees, and from 
thence, to make a line of chords. 


Let half the given circle be AB D. 


fig. 31. 

Mrrnop 1. Draw the diameter A CD, (137) and 
on C raiſe the perpendicular CB, (146 Caſe I) which 
will divide the ſemicircle into quadrants. { See rem. to 
def. 30). 

2. Triſect each quadrant in a, h, d ande, (152) then 
by trials, triſect each third part of theſe quadrants, 
and the ſemicircle will be divided into 18 equal parts, 
each containing 10 degrees. 


3. Biſect each of theſe equal parts of 10, and you 
will have diviſions of 5 degrees. 
4. Theſe arches of 5 degrees, divided by trials 
into 5 equal parts, will produce fingle degrees. 
G 


Now, 
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Now, if the circle be compleated, and lines drawn 
through the center from each of theſe diviſions, to the 
oppoſite ſemicircle, the ghole circumference will be di- 
vided into 360 equal parts. But, in order to male a 
line of chords, having finithed the fourth ſtep, 


5. Put one foot of your compaſs in A, and open 
the other from that point, to each diviſion of the 
ſemicircle, and ſweep the arches 10, 10; 20, 22; @ 
30, &c. to the diameter, and theſe arches will divide 
the diameter into a ſcale of chords; that is, the 
ſeveral diſtances on the diameter, viz. A' 10, A 20, 
A Zo, &c. will be the chords of the arches A 10, A 20, 
A zo, &c. wherefore, the diameter will be a ſcale of 
chords to the whole ſemicircle, or 180 degrees. 


The uſe of this ſcale in geometry, is in conſlructing and 
meaſuring all kinds of plane right-lined angles, to per- 
form which, obſerve the tæuo following problems. 


Pros, XXXII. Scro. 23 Euc. LIB. 1. 


177. To make an angle of any pro- 
poſed number of degrees, on a given 
line. | 

Let the given line be AB, on which 
you are to make angles of 40 and 120 
degrees. fig. 32. 

MeTHop 1. Take from the above, or any other 


ſcale of chords, the chord of 60, by opening the 
compaſs from A, or the braſs point, to 60, onthe ſcale. 


This chord is always taken and uſed in conſtructing or mea- 
ſuring angles, becauſe, the chord of 60 degrees (AC), the 
right-fine of 90 degrees (CB), and radius (AC or CB), in any 
circle whatever, are always equal. 

2. With 


11 

2. With this diſtance, as radius, and ſrom one ex- 
tremity, as center, ſweep an arch from the point C 
in the given line, large enough to contain the degrees 
of the given angle. (139). 

3. Take with your compaſs from the ſcale of chords, 
the chord of the given number of degrees, in the 
ſame manner as you took the chord of 60 degrees in 
the firſt method, and transfer theſe diſtances from the 
point C, where the cirele begins, to D and E in the 
circle; (140) and draw the lines AD and AE, 
which will form the angles BAD of 40, and BAE, 
of 120 degrees. 2, E. F. 


But as moſt ſcales of chords extend no further than 
go degrees, you mult, when the angle is to contain more 
than 90 degrees, e. g. of 120, as above, always take 
the chord of half the number of degrees from the 
ſcale, and lay it twice on the arch, from 6, to c and d, 
and the whole arch 4d, will contain the degrees required. 


On the ground. 


Let the given line be AB, and the an- 
gles as before. fig. 32. 


Take your 12 feet rod, and with it, from the ex- 
tremity A of the given line, where the angle is to 
be conſtructed, meaſure off on the given line AC, equal 
8.5 feet, or eight feet and an half; by ſtriking a 
picket in the ground at 8 feet and an half in C, on 
A raiſe the perpendicular AF (146 Caſe II) equal to 
8.5 feet, or AC, then, if theſe diitances and the perpen- 
dicular be taken right, your 12 feet rod will reach 
from C to F, obſerving to lay the end of your rod, 
or 12 feet at F, and the beginning at C; your rod now 
lying in the poſition FC, you may conſtruct the firſt 
angle, viz. of 40 degrees; thus, look in the following 
table in the column marked degrees, for 40, the num- 
ber of degrees which the angle required is to contain, 
and oppoſite thereto, in the column under diſſance, you 
will find 5.5, thatis, 5 feet 5 tenth-parts, or 5 feet and 
an half; at that diſtance _ C, ſtick a picket in D cloſe 
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by the edge of the rod“, then, if a cord be ſtrained from 
A through D, cloſe by the ſide of the picket, it will 
make the angle required. 


Again, to make the angle of 120 degrees, proceed, 
as before, to find the point F, which will (being in 
the perpendicular AF) form a right-angle, or an 
angle of ninety degrees; then, produce your given 
line from A towards H, where, let the end of your 
12 feet rod, or number 12 fall; the Leginning being 
firit laid at F, your rod being now in the poſition 
FH, then, from the following table, and oppoſite 
to 30 degrees, (that is, the number of degrees above go, 
which your angle ir to contain) you will find 4.4, that is, 
4 feet 4 tenth-parts, at which diſtance, from F in your 
rod, ſtick a picket in G, cloſe by the edge as before; 
and a line or cord, ſtrained from A through G, will 
make the angle FAG equal zo, which, added to 


the right-angle CAF before found, will make the 


angle GA C of 120 degrees, as was required. 


Note, when the angle is obtuſe, as in the laſt example, 
it may be done much ſhorter, by pfreducing your 
given line beyond the point A, (on which you are to make 
the angle) towards H; and, on AH, if you make the 
angle HAE equal to its ſupplement, it will, at the 
ſame time, make the obtuſe angle CAE, which was 


required. 


7 
* For thispurpoſe in particular, it will be neceſſary to have the 
ickets made ſquare pins, by which means, in ſticking the picket 
by the edge of the rod, the flat fide can lye cloſe to the rod, and 
the ſharp edge or angle be brought exactiy to the diviſion, which 
could not be done with any degree of certainty if the pickets 


were round. 


A TABLE, 


95 

2 
* 
1 


P 


A 


Fun Ai on 0 = ab oi 


By which, with the help ofa 12 feet rod“, an angle of 
any number of degrees can be conſtructed or mca- 


ſured +. 


Diſt, Cho. Diſt.j Cho. 
deg. f. op. If. op. deg. f.1op.|f.rop.$deg. f.1op.if. rop. 
1 8.2 1331 4-5 | 4.8455 7-7 
2 0. 44/0. 3 | 2 4•63 4.7 2 
3 0.6 [0.43] 3 4-74] 4:53] 3 
4 0.74 0.6 4 4-b63]5.0 14 
— . (244455 
6 1.14 0.9 1⁵ 5.15.3 56 
7 1.33] 1-04} 7 5141 5-40 7 
8 * 1.218 8.22 5.841 8 
9 1.6239 6245.64. 
10 1.8 | 1.5 $49 $.5 | 5.55870 
11 1.94 1.64141 5.521 8.9417 
2 2.141 1.82 5.716.144 2 
3 2.23] 1-93] 3 5.0 6.2: 3 
4 2.47] 2.114 5.94 6.414 
Is 2.55] 2.25 45 6.6 | 6.5 75 
;6 2.6] 2.4 [46 6 76.6 76 
7 2.82] 2.84J 7 6. 24 6.73] 7 
8 2.9412.7 [8 6.3| 6.9 18 
9 3-1 | 2.*3] 9 6.47] 7.0: 9 
20 3 23] 2.93959 6-52] 7-2 0 
21 3-34] 3.1 B51 6.64 7.33131 
2 3-44] 3.23 2 6.70 7.480 : 
3 3-5 3-43 6.27.60} 3 
4 3-7 | 3-54] 4 6:9 7-75 4 
25 3-82] 3-7 $55 71 | 262135 
26 3.91 3.83856 7.28.0 £56 
7 4-3] 3-93] 7 7.3 | 8.14] 7 
8 4.14 4-134 8 7-4 | 8.23] 8 
9 4<-2 4.24 9 17-51 8-4] 9 
30 4-4 4.4 #65 7.671 8.5 190 
— 


* If the length of this rod ſhould be inconvenient in meaſur- 
ing the chord of any confined angle, as, an acute angle contained be- 
tween tao walls, you may ſtrain a line, or take a ſix · feet rod di- 
vided like the 12. In ſuch a caſe if you uſe the numbers in the table 
ſimply as they are, without conſidering them as feet, they will anſwer 
equally as well; and indeed a ſix- feet rod divided in this manner, may 
anſwer in every inſtance as well as the 12, only, that the 12 feet 
being a much larger ſcale muſt be more exact; or, if a rod /o divided 
cannot be conveniently had, you may, by dividing @ rule of one foot 
into tenths and quarter=tenths, uſe any rod, for, by applying this fingle 
foot to any foot on the rod occaſionally, it will anſwer the purpoſe. 


+ In conflrufting any angle, uſe the column under Diſtance ; 
and in meaſuring any angle, the column under Chords, 1 
N 
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In the above table, the ſeveral diſtances to be marked 
by the edge of the rod, in conſtructing or meaſuring 
any angle, is given in feet, and tenth- parts cf a foct ; 
the ute of it (if not ſufficiently underſtdod already, 
from conſtructing the foregoing problem) is as follows; 
after adjuſting the rod on the ground, as directed in 
the problem, look for the number of degrees the angle 
is to contain, in the column marked degrees in the 
table, and oppoſite to each degree, is the diltance in 
feet, tenth-parts, and quarter tenth- parts, to be taken, 
or marked off by the edge of the rod; thus, was the 
an; le to be made of 15 degrees, look for 15 degrees, 
as directed in the column marked degrees, and oppoſite 
thereto, you will find 2.54, which is two feet five-tenths 
and halt a tenth, to be taken by the edge of the rod. 
Again, ſuppole the angle was to be 64 degrees, lcck for 
64 degrees in the table, as before, and opreſite thereto, 
you will find 8.00, that is, eight fect and three quar- 
ters of a tenth, to be marked by the edge cf the rod, 
from C towards F, as before. 

But, if it be required to make an angle equal to 
any number of degrees, and minutes, as ſuppoſe of 
649 zo (the table not being calculated to minutes) 
the angle will be made ſaſfciently exact for any 
military or other purpoſe, if, to the number annexed 
to 64 degrees, you add half the difference between 
that and 65 degrees, viz. three-fourths of a tenth 
(for the whole difference being .14 tenth, or fix-fourths, the 
haif therefore muſt be three-fourths) you will make the 
angle required ; thus, inſtead of 8.02 feet you muſt 
mark off 8. 14 feet, that is, eight feet one-tenth, and 
half a tenth ; therefore, by always adding to the de- 
grees of the angle, the ſame part of the diitance or 
ditterence as the given minutes are of a degree, the an- 
gle will be compleated; and, in order to be certain 
what part of this difference is to be added, obſerve, 
that for 15 minutes you muſt add one-fourth, for 30 
minutes (as was the caſe in the above example) one- 
half, and for 45 minutes three-fourths. But, ſhould 
the number of odd minutes in the angle not exactly 
an{wer to the above numbers, always uſe ſuch of them 


® Theſe marks , , ſignifies degrees and minutes. 
| | as 


1 
as ſhall be neareſt thereto, and your angle will be made 
exact enough for any pur poſe on the ground. 


Having now ſhewn how to make an angle of any 
number of degrees, it becomes neceſſary (according 
to promile aſter prob. 26) to thew how 


To conſtruct any regular polygon on 
the ground, 


Let the polygon to be conſtructed be the 
pentagon AIGKC. fig. 26. 


Firſt, Draw A C, one fide of the pentagon, of any 


given or convenient length. 


S-condly, On A and C, the extreme points of the 
line AC, make angles equal to 108 degrees, which are 
the number of degrees contained in the angle of the 
pentagon, (for, the degrees in the angles of any polygon, 
taken together, are always cqual to twice as many right-angles 
as the polygon hath ſides, abating four, ſee theo. 11) that 
is, in this caſe (the polygon being a regular one) to 
the fifth part of 6 right-angles, or 540 degrees. 


Thirdly, Produce the ſides of theſe angles to K and 
I, fo that Al, and AK, be each, equal to AC; and on 
I and K make angles, as before, equal to 108 degrees ; 
and the meeting of the ſides of theſe laſt angles in G, will 
compleat the pentagon required, which when done, 
you may prove to be rightly conſtructed, by finding 
the center (per 164) and, if the diſtance from the center 
to each angular point be equal, the polygon is right. 
Or thus, produce AC, to any convenient diſtance F, 
and make the angle FCK equal the fiſth-part of 360 
degrees, (the polygon having five ſides) which will be 
equal the angle at the center of the polygon, viz. 72 
degrees, {ſee cor. theo. 12) do the ſame at the point A, 
whereby you make the angles KCA, and CAI, equal 
1089, as above, &c. for the reſt proceed as before. 


PROB3. 
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19 
ProB. XXXIII. Scho. 23 Evc. Lis. 1. 


To meaſure any right-lined angle. 


178 CAsE I. Let the given angle be 
ABD, % than go degrees. fig. 33. 


McTHropr 1. Take from the ſcale of chords, the 
chord of 60, Cas directed in the laſt problem) and from 
B, the point of the given angle, as center, ſweep an 
arch between the ſides of the given angle, which 
will cut them in à and b, (139). 


2. Take the interval of the arch ab in your com- 
paſs, which will be the chord of that arch, and tranſ- 
fer that diſtance to the line of chords, thus, put one 
foot of your compals on the braſs point in the beginning 
of the line, and, whatever degree in the line the other 
foot ſhall tall upon, that will be the meaſure or quan- 
tity of degrees in the angle required. 


179 CASE I. Let the given angle be 
ABE, more than go degrees. fig. 33. 


Mrruop 1. Sweep the arch 6b cd, as in the firſt ſtep 
in the former caſe, and, on the arch, lay off from 
b to c, the cord of 60%; which, as was before obſerved, 
will be the radius of the arch. 


2. Take the interval cd, and meaſure it, as in the 
2d ſtep of the former caſe, and, to the degrees it is 
found to contain, add the degrees of the arch bc, viz. 
609, and the ſum will be the content of the angle ; 
thus, was the diſtance d, found to be 59 degrees, the 
meaſure or content of the angle would be 59 ＋ 60, 
mz. 119% . F. 


This may alſo be done on the ſector, thus, open the 
ſector to any convenient radius, but not too large {for 
oljerve, every opening of the ſefor is a different radius and 
open your compaſs from the braſs point at 60, on one 

leg, 
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leg, to 60 on the other, in the line chords (marked 
cho. on each leg); with this interval ſweep an arch 
from the angular point B, as before, which, will 
mark on the legs of the angle the points b and a now 
take the interval b a, (which is the chord of the arch) in 
your compaſs, and transfer it to the ſector, thus, 
lay one point of your compaſs on one leg of the ſector, 
in the line of chords, which, move lightly backwards 
and forwards in that line, until the other leg -of the 
compaſs will cut, or fall on the ſame degree, on the 
oppoſite leg of the ſector, and whatever degree that 
is, it will be the meaſure of the angle. In the ſame 
manner may the obtuſe angle ABE be meaſured, 
having firſt laid the radius, from b to C, the arch 
cd being meaſured, as before, and added to bc, or 
609, the ſum will give its content, &c. 


But, in uſing the ſector, be careful to apply the com- 
paſs to that parallel, in the line which is neareſt the 
opening or inner edge of the ſector, and in which line 
you will always find the brats point placed. 


Note, in meaſuring of angles more than go?, and the 
arch very large, or the angle very obtuſe, /ay off the 
radius, or chord of GO, as often as you can on the arch 
that meaſures the angle ; which, obſerve can never be more 
than twice (for three times the radius will meaſure 1809, 
or a ſemicircle) then, if any part of the arch be extended 
beyond the diſtance of double the radius, the remaining 
arch leiug meaſured, and added to twice radius, or 120 
degrees, the ſum cvill be the content; or, you may firſt 
meaſure off a right-angle, by laying the chord of go, on the 
arch, and, to , add the remaining part of the arch, and 
the content vill be the ſame as before. But, the former me- 
thod being ſhorteſt, it is recommended. 


On the ground. 


Let the angle to be meaſured be the acute angle 
ABD, (fig 33) /r/ lay off on cach leg of the angle from 
B, to a and &, eight feet and half; then meafure with 
your rod, the diſtance between 6 and a which, ſuppoſe, 
for example, was found to be three fect four-tenths, 
look for that diſtance in your table under the column 
of chords, and the degrees anſwerable thereto, bein 
23, 1s the meaſure of the angle. Proceed in the ſame 

manner 
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manner ſor all angles leſs than go®. But, ſuppoſe 
the ogtuſe angle ABE, (fig 33) was to be meaſured, 
firſt, lay off on each leg of the angle, as before ab, and 
a d, each equal eight feet and half; ſecondly, raiſe the 
perpendicular Be, (146 Cafe II) which, make alſo 
i equal eight feet and half, and the diſtance 6 e, will be 
11 5 90, or a right angle; thirdly, meaſure the acute 
| angle E bd, as before, and add its content to 90. 
and the ſum will be the quantity, or meaſure of the 
angle ABE; or, you may meaſure its ſupplement by pro- 
ducing the line AB, which will determine the angle 
ABE. {/ee note, page 84). 2. Z. F. 
But, ſuppoſe the diviſion on the rod, cut by the 
11 legs of the angle, cannot be found exactly in the table 
af ads, e. g. five feet two-tenths; in that caſe, ob- 
ſerve the degrees anſwering to the chords next /eſs, and 
It next greater than five feet two-tenths; and note the 
111 difference between (which difference will a/ways equal 
one degree, the table being calculated only to degrees ) and 
| in this example will be, the difference between 5 feet 
14 tenth, and 5 feet three-tenths, viz. 14 tenth, 
| that is, the angle is more than 35%, and leſs than 36; 
which are the degrees anſwerable to the chord next leſs 
and next greater. Now, obſerve what part of this dif- 
ference, added to the leſſer chord, will make 5 feet 
two-tenths, the chord found on the rod; which, in 
this example will be half a tenth, that is one-third 
part of it, {for 5.14 + 0.04 will equal 5.2) therefore 
the angle is to be one-third part of a degree more than 
259, Which is 35?, 20'; conſequently, when theſe de- 
grees are added to go, the ſum will be the quantity 
or meaſure of the angle BAE, viz. 125 20, &c. 
of any other. 


Note, if at any time the fides of the angle to be mea- 
fured ſhould not be lung enough, they mnſt be produced to a 
ſufficient length, 


Pros. XXXIV. Cor. 47, Euc. Lis. 1. 


180. To draw the right-fine, co-ſine; 
tangent, co-tangent ; fecant, and co-fecant, 


of 
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a 
of an arch, or, to an angle of any num- 


Lei degrees. (See from def. 77 to 82) 


Let the given arch be ED, the meaſure 
of ihe angle BAD. fig. 34. 


METHOD 1. Draw the radius A B, (if net already 
dHavn) and on its extremicy B, raiie the perpendicular 
Y C, which, produce until it will meet AC, (drawn 
em tne center of the arch, througa D, the other 
c:ctremity of it) in C. 

2. From D (the extreme point of the arch cut by 
AC) to the radius BA, let tail che perpendicular DE, 
and DE will be the gen, BC the iangent, and AC 
the /ecant of the angle EAD, ci c! the arch BD. 


2. To find the cone, co: ſccant, and co-tangent ; 
draw (from the center A) the radius AF, perpen- 
dicular to AB, (146 Cæſe II.) and from D, to AF, 
let fall the perpendicular DH, (149) alio from F, 
raie the line FG perpendicular to AF, (146 Caſe II.) 
and DH will be the ce, FG the co-tangent, and 
AG the co-ſecant. Q, Z. F. ; 


* 

But, was the fine, tangent, &c. of an arch greater 
than 90? required, find the fine, tangent, &c. of the 
ſupplement to the arch, and it will be done; for 
ED is the right-fine of the arch IFD, as well as of 
the arch DB, &c. or, the inen of 60 and 1209, of 40? 
and 1409, &c. are equal. 


Note, when the given arch is the meaſure of a right-angle, 
or contains go degrees, the right-fine ill always be the 
radius of the arch ; but, the tangent and ſecant of go de- 
grees, cannot be determined, for, was AF (the fine of 
go®) produced, it would never meet the tangent HC, but 
would continue to be parallel to it; therefore, the ſecant and 
tangent of 90?, are infinite, conſequently not determinable. 

Pzos. 
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PROB. XXXV. 


181. To meaſure the angles of any 
triangle, which together, always make 
180 degrees. 


Let the given triangle be DEF. fig. 35. 


MeTHop 1. Meaſure each angle ſeparately, (per 
12% prob.) 


2. Add the quantity or content of each angle 
together, and their ſum, if it be equal to 180 degrees, 
will prove they were meaſured right; if not, they muſt 
be meaſured over again until they do. 


Theo. 9. 


It is recommended to be very attentrve to this problem, 
until you are very expert in meaſuring the angles, for, the 
making or meaſuring of angles accurately is of great conſe- 
quence, particularly where any calculation is depending. 


Pros. XXXVI. 


182. From the line of chords, to 
inſcribe any regular polygon 1n a circle. 


Let the polygon to be inſcribed, be a de- 
cagon. fig. 36. 

Mrruop 1. Sweep a circle with the radius of 609, 
from the line of chords. 

2. Divide 360 (the number of degrees in the cir- 
cumference) by 10, the number of fides in the poly- 


gon, and the quotient, viz. 369, if taken from the 
line 


5 


line of chords, will, when transfered to the cir- 
cumference of the circle, go ten times round, viz. 
in the points a, b, c, d, c. 

3. Draw chords to thoſe arches, and you thereby 
compleat the polygon. (137). 

But, as few plane ſcales have more than one line 
of chords on them, if you want at any time a larger 
or a ſmaller circle than your ſcale will allow, you 
muſt uſe the ſector; for, by opening it, until the radius 
you want will reach from 60 on one leg, to 60 on the 
other in the line of chords, you thereby adjuſt the ſec- 
tor to that radius, and any number of degrees can be 
taken from the ſector, as well as from the plane ſcale ; 
thus, put one foot of your compaſs to the number of 
degrees on one ſide of the ſector (obſerving to keep the 
fector fixed) and open or ſhut the compaſs, until the 
other foot will fall on the ſame number of degrees, 
on the other leg, and that opening in the compaſs, 
will be the diſtance or chord of the number of de- 
grees required. 


PROB. XXXVII. 12 Euc. Lis. 4. 


183. About any circle to draw a 
regular polygon. 


Let the grven polygon ta be drawn, be 
a pentagon and the given circle be a b c 


d e. fig. 37. 


Mrnop 1. Inſeribe in the circle a ſimilar polygon 
to that which is to be circumſcribed, viz. the pentagon 
«bed e, (per 171, 172, or 182). 


2. Parallel to the ſides of the inſeribed polygon, 
draw the tangent lines AB, BC, CD, &c. (174) and 
the 


= 


the meet "g of theſe tangent lines in the points A, B, 
C, &c. will make the poylgon required. Q. E. F. 


Cor. to Theo. 32. Theo. 3. Cor. 6, to 
Theo. 28. Cor. 2, to Theo. 27, and 
Theo. 4. 


Pros. XXX VIII. 13 Evc. Lis. 4. 


184. To inſcribe a circle in any 
regular polygon. 


Let the given polygon le the hexagon 


abedef. fig. 38. 


Meruop 1. Find the center C, of the pclyge n, 
which will be the point of in.erſeticn of two lines, 
biſecting any two of its adjacent ſides. (164). 


2. Draw the perpendicular CA, (146 Caſe I) and 
with it, as radius, deſcribe a circle, which will be the 
circle required; or, find the direct radius (ee def. 92) 
end it will be the radius of the inſcribed circle. 


Theo. 2, 4, 27, and Cor. 2, to Theo. 5. 


Pros. XXXIX. 14 Evc. Lis. 4. 


185. About any regular pol ygon to 
circumſcribe a circle. 


Let the given polygon be the hexa von ab 
cd e . fag. 39. 


Mzrnop 1. Find the center C, of the polygon 


{per method 1, prob. 38). 5 
2. From 


4 


E 


2. From the center C, draw a line to any angle 
of the polygon as Ce, (1 37) and it will be the radius 
of the circle required. 


Pros. XL. 33 Evuc. Lis. 3. 


186. On a given line to deſcribe a 
ſegment of a circle, which ſhall contain 
a given angle. 


Let the given line be AB, and the given 
angle c. fig. 40. 


Mernop 1. Below, or under the given line A B, and 
on one of its extremities, as A, make the angle BAF, 
equal to the given angle C. (150). 


2. Biſect the given line in E (144) and raiſe the 
perpendicular ED. (146 Caſe I). 


3- From the point A, draw AG perpendicular to 
AF (146 Cafe IT) which will cut FD in G. 


4. From G, as center, with the radius G A, ſweep 
the arch AC B (139) which, with the chord A B, 
will be the ſegment required. 


Theo. 30. 
Props. XLI. 34 Evc. Lis. 3. 


187. From a given circle to cut off a 
ſegment, which ſhall contain a given 
angle. : 


Let the given circle be ADBC, and the 
given angle b. fig. 41. 


MreT#oD 


* 
1 


Maron 1. To any point in the circumference, as 
A, draw the tangent line E F. (174). 


2. At the point of contact A, make the angle FAC 
equal to the given angle b (150) by drawing the 
line AC, which line AC, will cut off the required 
ſegment ABC. 2, E. F. 


Theo. 30. 
Pros. XIII. CoR. 42 Evc. LIB. 1. 


188. To make a triangle equal to a 
given quadrilateral figure. 


Let the given quadrilateral figure be 
ABCD. fig. 42. 


Meruop 1. Draw the diagonal line B D (137) and 
parallel to it, draw the line CE (153) meeting A D 
produced in E. | 


2. Draw the line BE, and the triangle ABE 
will be the triangle required. Q. E. F. 


Theo. 14, and Cor. to Theo. 15. 
Pros. XLIIL. 


189. To make a triangle equal to a 
five-ſided figure. 


Let the given figure be ABCD E. 


fig. 43- 


MeETrwop 1. Draw from any of its angles, as C, 
the lines CA andCE. (137). 


2, From 


11 
2. From the points B and D, draw the lines B F 


and D G, parallel to CA and CE, (153) and meeting 
A E, produced in F and G. 


3. Draw the lines CF and CG, (127) and the tri- 
angle FCG will be that which was required. 


Theo. 14, and Cor. to Theo. 15. 


Pros. XLIV. 


To make a parallelogram equal to a 
given triangle. 


190. CAsE I: Let the given triangle 
be ABC, and the parallelogram to be con- 
ftrufted a rectangle. fig. 44. No. 1. 


MeTrop i. Biſect the baſe AC in D. (144). 


2. Through B draw the indefinite line E H, parallel 
to AC. (153). 

3. Raiſe the perpendiculars AE and DF (per 146, 
Caſe I and IT) which will make the rectangle AE FD, 
equal to the triangle ABC. 2, E. F. X 


Part 3, to Theo. 14, and Cor. to Theo. 15. 
191. CAsE II. Let the parallelogram 


required be conſtrucled fo, as to contain a 


given angle. (42 Evuc. Lis. 1). 
Let the given angle be a. fig. 44. No. 1. 


MreTroD 1. Proceed as in the firſt and ſecond me- 
thods above. 


2. Make the angle G A C, equal to the given an- 
gle a, (150) and let the line AG, meet the line E H, 
in G. 


H . From 


* 
3. From the point D, draw the line D H, parallel 
to A G, which alſo let meet the parallel E H in H, 
and it will compleat the parallelogram AH, that 
which was required. 


Theo. 14. 
192. Cass III. Suppoſe the parallelo- 


gram Was required to be made on a given 
line, and to contain a given angle. 


44 Euc. Lib. 1. 


Tes the given line be AB, and the given 
angle 0. fig. 44. No. 2. 


MeT#roD 1. Make the line Ae, equal half the baſe 
of the given triangle, (143) and on it per Caſe II of 
this) make the parallelogram A equal to the given 
triangle ABC, having the anglefe A, equal to the 
given angle 0. 


2. Through B, draw the line B h, parallel to A g, 
meeting /g produced in 5. (153). 


3. Draw the diagonal YA, which produce until it 
meets Fe produced in i. (137, 138). 


Draw i D parallel to A B, and produce the lines 
2 A and B, until they meet the line i D, in C and D; 
which will make the * 26S AD, equal to the 
triangle ABC. 2. 


Cor. to Theo. 14. 
Pros. XLV. 


193. To make a rectangle equal to a 
given trapezium. 
Let the given trapezium be ABCD. 
fig. 45. 


MxTzoD 


194 


Mrruopd 1. Draw the diagonal DB, and from A 
and C, let {all the perpendiculars Aa and Ce. (148). 


2. Biſe& theſe perpendiculars in 4 and b (144) 
and through d and 6 draw gf and he parallel to the 
diagonal DB. (153). 

3. Through D and B draw gh and fe, perpendicular 
to DB (149) which will make the rectangle « tgh 
equal to the trapezium ABC D. 2. E. F. 


ProB. XLVI. 18 Euc. Lis. 6. 


194. On a given line to make a rec- 
tlhneal figure, fimilar to a given one. 


CasE I. Let the given line be AD, and 


the given figure the triangle E G F. 
fig. 46. No. 1. 


Mrnop 1. On A, one extremity of the given line, 
make the angle BA D equal the angle GEF. (150). 


2. On D, the other extremity of the given line, make 
the angle AD B equal the angle E F G, and the triangle 
ADB will be ſimilar to the triangle E FG. 2. E. F. 


On conſiruction, and Def. 75. 


195. Case II. Let the given line be 
AD, and the given figure the quadrilateral 
EFGH. Or, let the given figure have 
as many ſides as you pleaſe. 

fig. 46. No. 2. 
Mernop 1. Divide the given figure into the trian- 
gles EFG and FGH, by the diagonal line GF. (137). 


2. Make the triangle A BD ſimilar to the triangle 
EFG (per Caſe I) and on BD make the triangle 


BCD, ſimilar to the remaining triangle of your given 
H 2 figure 


— — — — No 
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figure CHF, and the quadrilateral figure ABCD 
will be ſimilar oEGHF. 2. E. F. 


On conſtruction. Theo. q, an Def. 75. 


Note, was the given figure to contain more than four ſides, 
proceed, as in this caſe, to divide it into triangics 5 and, by 
conſlructing ſimilar triangles in the ſame manner, as atove, a 
ſimilar figure will be produced; becauſe all right-lined figures 
are compoſed of, or may be reduced to, right-lined triangles. 
Therefore, oc. 


Or you may proceed more readily thus ; ſuppoſe the 
figure to be the pentagon ABCDE, and the givea 
line B/, (fg. 46, No. 3); Firſt, from any angle of the 
given figure, as B, draw, of any convenient length, in- 
definite fine lines with a black lead pencil, &c. through 
each angle; and alſo, produce indefinitely the ſides 
BA and BC of the angle B. Secondly, take your given 
line Bf, and transfer it from B towards A, on the line 
BA, as to f (140). Thirdly, from f draw f , parallel 
to AE (153) which let meet BE, formerly produced 
in +; and, in the ſame manner, from + and i, draw 
ti and ih, parallel to ED and DC, and the pentagon 
B/#: h will be ſimilar to that which was given / per thee, 
43). But obſerve, if the given line B/ was greater than 
Þ A, the point F would fall beyond A, and the polygon 
conſtructed would be greater, and fall entirely on the 
outſide of the given polygon. On the contrary, if B/ 
was leſs, the polygon would therefore be 4%, and lie 
entirely within the given polygoa. Hence, right-lined 
figures of any form may be enlarged or diminiſhed in 
any given proportion; for, was the line BF twice as 
long as B A, the increaſed or enlarged polygon would 
be — times as large as the given one; if three times 
as long, nine times as large, & c. {per theo. 43). And 
again, if B/ was but one-half, or one-fourth of BA, 
then the conſtructed or diminiſhed polygon would be 
only one-fourth, or one-eighth part cf the given one; 
that is, the given one would be four times, or eight 
times greater than the conſtrued. Per cor. 3, to theo. 


43). 


E 
43). But in order to determine that line, on which you may 
en/arge or diminiſh any polygon in a given proportion, ſee 
prob. 56, Caſe I. and II. 


| ProB. XL VII. 11 Evc. Lis. 6. 


196. Two right-lines being given to 
find a third proportional. 


Let the given lines be A and B. fig. 47. 


MzTHod 1. Draw two indefinite right-lines, mak- 
ing any angle, as a. 

2. Transfer the given line A, from a to s; and B, 
from a to d, and alſo from à to c. (140). 

3. Draw bd, and parallel to it draw ce (153) and 
ae will be the third proportional. 

That is, ab:ad::ac:ae. (Per theo. 38). 

or A: B:: 3B: , K. F. 


PROB. XLVIII. 12 Evc. Lis. 6. 


197. Three right-lines being given 
to find a fourth proportional. 


Let the given lines be A, B and C. 
fig. 48. 
Mrruop 1. Draw two indefinite right- lines, mak- 
ing any angle, as à. 
2. On theſe lines take a b equal A, ac equal B, and 
ad equal C. (140). 


3. Draw bc, and parallel to it draw de (153) and 
a e will be the fourth proportional. 


That is, A: B:: C: 4e. (Per theo. 38). 2, E. F. 
Pros, 
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198. Two right-lines being given to 
find a mean proportional. 


Let the two given lines be A and B. 
fig. 49- 
Meruop 1. Draw any indefinite right-line, in which 
take ab equal A, and bc equal B. (140). 


2. Biſect the line ac in F (144) and on F, as center, 
with the radius Fa, deſcribe the iemicircle adc. (139). 


3. From & (the point where the given lines meet ) raiſe 
the perpendicular bd, which will be the mean propor- 
tional required. 


That is, ab: bd :: d: le. Per Cor. 1, to theo. 41). 
or A: 14: : l: B. L, Z. F. 


PROB. L. 


199. The ſum of two extremes, and 
the mean proportional given, to find 
the two extremes. 


Let A B be the ſum of the two extremes, 
and the line C the given mean proportional 
between them. fig. 50. 

Mernop 1. Biſect AB in G (144) and on G, as 


center, {weep the ſemicircle A E (139). 


2. On B raiſe the perpendicular B D (146, Caſe II) 
which make equal to C, and draw DE parallel to 
AB (153) which will cut the circle in E. 


3. Draw 


| [ 103 J 
Draw EF parallel to B D, which will cut AB 
in F, the point where the two extremes meet ; ſo that 
AFand FB will be the two extremes required. Q. E. F. 


On conſtruction, and Cor. 1. Theo. 41. 
Pros. LI. 


200. The difference between two ex- 
tremes, and the mean proportional gi- 
ven, to determine the two extremes: 


Let AB be the difference of the two ex- 
tremes, and C the mean proportional. 

fig. 51. 

Meruop 1. Draw an indefinite right-line, as FG, 


in any convenient part of which take BA, equal the 
given difference A B. (140). 


2. Biſect B A in D (144) and on B raiſe the per- 
pendicular BE (146) which make equal to C. (143). 


3. Draw D E, and with it, as radius, and from D, 
as center, ſweep the ſemicircle FEG, and FB and 
B G will be the two extremes. 2, E. F. 


Ou conſtruction, and Cor. 1. Theo. 41. 


Pros. LII. 


201. The difference between the dia- 
gonal of a ſquare and its fide being gi- 
ven, to determine the fide of the ſquare. 


Let the given difference be G. fig. 53. 


MzeT#4oD 


[2004 


MeTHrop 1. Draw any indefinite right-line, and 
from one extremity of which, take A B equal to the 
given difference G. (140). 


2. On B raiſe the perpendicular BC (146, Cafe II) 
which make equal to A B (143) and draw AC, which 
produce towards D, or until CD is equal to C B, 


and AD will be the fide of the ſquare required. 
9, Z. F. | 


On conſtruction, and Theo. 16. 


Pros. LIII. 11 Euc. LIB. 2. 


202. To cut a given line into extreme 
and mean proportion; that is, to cut it 
in ſuch a manner, that the rectangle under 
the whole line, and one part, /hall be 
equal to the 1quare of the other part. 


Let the given line be AB. fig. 53. 


Meruop 1. Biſe& the given line in C, (144) and 
on one of its extremities B, raiſe the perpendicular 
BD, (146, Caſe II) which, make equal to BC, and 
draw AD. 

2. From the point D, as center, and with the radius 


DA, ſweep the arch AE, which, let meet DB pro- 
duced in E. | 


3. Take the interval BE and transfer it on the line 
BA, from B to F, and F will be the point required. 


That is, a /quare made on the line BF, will be equal 
to a redbangle under the whole line AB, and the re- 
maining part F A, for it will be AB: FB:: FB: FA, 
that is, the rectangle, &c. 


Theo. 16, 21, and Ax. 3. 


PxoB. 


L 71] 
ProB, LIV. 10 Evc. Lis. 6. 


203. To divide a given right-line in 
the ſame manner, or in the ſame pro- 


portion, as another given line C is 
divided. 


Let the given line to be divided be AB. 
fig. 54- 


Mruop 1. From one end A, of the given line 
AB, draw the indefinite line Aa, making any angle 
with it, on which lay off, from A to D, A 1, A 2, 
&c. equal the ſeveral diviſions, as given on the line C, 
and AD will be equal to C. 


2. Draw the line DB, and parallel to it draw lines 
through the ſeveral diviſions of AD, (153) and theſe 
parallels will cut the given line A B, as was required. 


Theo. 38. 
Pros. LV. Scho 10. Euc. Lis. 6. 


204. To divide a line into any num- 
ber of equal parts. 


Let the given line be AB; to be divided, 
e. g. in ſix equal parts. fig. 55. 
MeTrop 1. Draw an indefinite line AC, making 
any angle with the given line; and on AC lay off as 


many convenient, but equal diſtances Ab, br, &c. 
to g, as your line is to be divided into, viz. ſix. 


2. Draw 


L 806 J 
2. ye B, and parallel to it draw, from the ſe- 
veral diviſions on AC, the lines F, ei, &c. (153) 
which will divide A B, as was required. 


Theo. 38. 


Note, if, when you have drawn A C, as above, and laid 
the diviſions on it, you draw a line from B parallel to AC, 
making an alternate angle to BAC, and mark the ſame 
diftances on it as on AC, then let lines be drawn ſo as to join 
thoſe diviſions on each parallel, and where they croſs the given 
line in the points b, i, kt, Oc. they will divide the line, as 
was required. But, in this caſe, the diſtances to be laid on 
the parallels need not be ſo many as the parts to be contained 
in the line, but always one leſs, which in the example above 
will be only froe from A to J. 


Pros. LVI. Con. 3, to 20. Evc. Lis. 6. 


To enlarge or diminiſh any polygon, 
triangle, ſquare, &c. in any given pro- 
portion. 


205. Cas E I. To enlarge any trian- 
gle, ſquare, &c. 


Let the line DC be the fide of any polygon, 
triangle, c. ſimilar to which I would male 
another three times as large. fig. 56. 


Mero 1. Produce the given line from C unto B, 
(138) ſo that CB {hall be three times C D. 


2. Find the mean proportional CE, between DC 
and CB, (198) and CE will be one fide of the poly- 
on required. That is, if you conſtrut on CE a 
ilar polygon to that which was given on CD, 
(per 154, 170, 194, &c.) it will be three times as 
large. 2. E. F. 


Cor. 3. Theo. 43. 


But, 
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But, was the polygon to be conſtructed, to be 4, 5, 
&c. times as large, make CB, 4, 5, &c. times as long 
as the given line CD; or, was it required to make it 
24, 22, 24, &c. times as large, in this caſe, let DC 
firſt be divided into quarters, halves, &c. and make 
CB = 24, 24, 24, &c. times as large as DC, and 
find the mean proportional, as before; on which, if 
you conſtruct a ſimilar polygon (154, 170, 194, &c.) 
it will, &c. Thus, e. g. was the polygon required to be 
24 times as large, make CB = 5 times the one-half 
of CD, becauſe 24 = 5 halves; and if 24 make CB 
= 11 times the 4 of CB, for 24 = eleven quarters 
or fourth- parts, &c. 


206. CAs E II. To diminiſh any tri- 
angle, ſquare, polygon, &c. 


Let the line BC, be the fide of any trian- 
gle, ſquare, Ic. ſimilar to which I would 
have one made, one-third leſs, fig. 56. 


Meruob 1. Divide the given line BC into three 
equal parts, (145 or 204) and produce BC unto D, or 
until CD = + of BC. 


2. Find the mean proportional CE, between BC 
and CB, (198) and if on CE you conſtruct a ſimilar 
triangle, ſquare, polygon, &c. it will be = 4 of that 
which was given upon BC. 2. E. F. 

But, was it required to make the triangle, &c. 4, 3, 
&c. leſs than the triangle, Kc. upon BC, divide 
BC into 4, 5, &c. equal parts, and make CD = 3, 
3, &c. of BC, and find the mean proportional as 


before, on which, if you conſtruct a triangle, &c. it 
will be but , 4, &c. of the given one. 2, E. F. 


ProB, 
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PRoB. LVII. 


To make a ſquare equal to any right» 
lned figure. 


207. CAs E I. Let the given figure be 
the rectangle ABCD. fig. 57. 

Mrruop 1. Find the mean proportional De, be- 
tween its ſides A D and DC. (198). 


2. On De conſtruc a ſquare © (156) and it will be 
equal to the rectangle. 2. E. 


Theo. 16, 21, — 3. 


208. CAsE II. Let the given figure be 

the triangle AB C. fig. 44. 

Mruop 1. Make the rectangle AEF D, equal to 
the given triangle. (190). 


2. Make (per Caſe I) a ſquare equal to the rectangle, 
and it will be that which was required. 


209. Cask III. Let the given figure be 


2 rhombus, or rhomboides. 


Mrnop 1. Make a rectangle equal to either of 
them {per rem. 10 159). 


2. Make a ſquare, as before, equal to the rectangle, 


and, &c. 


210. Cas IV. Let the given figure 
be a polygon. 


MerTnop 1. Reduce it to a triangle. (189). 
2. Make 
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2. Make a rectangle equal to the triangle (190). 
3. Make a ſquare equal to the rectangle (Cafe I. 
of this} and, &c. 


PROB. LVIII. 


211. To make a plane ſcale, or a 
ſale of equal parts, uſed for laying down 
or meaſuring lineal diſtances, or right-lines, 
uſually eſtimated in feet, yards, &c. 
(See rem. to def. 6). fig. 58. 


Mrruop 1. Draw three right-lines A, B and C, of 
any convenient length (ſufficient for your ſcale) pa- 
rallel to each other (153) and at the ſame diſtance, as 
in the figure, | 

2. Draw an indefinite line, as E D, perpendicular 
to the line C (146, Caſe IT) and in the line C take the 
equal intervals c a, ab, bc, &c. to the end of the ſcale, 
of any propoſed length, as an inch, one-half, or one- 
quarter of an inch, &c. which diſtance in the ſcale call 
the principal diviſions, (140). 

3. On the points c, a, b, &c. draw lines perpendi- 
cular to, and acroſs the parallels A, B and C. 


4. Take any point in the line E D, as D, and draw 
DPF of any length perpendicular to E D, and on D F 
lay off ten equal intervals (not too large, but ail 
together greater than Ca) and draw the line F a, which, 
if produced to the line ED, would cut it in E. 


5. Lay a rule from the point E to each diviſion in 
the line DF, and let fine lines be drawn to the line 
Ca, and they will divide it into ten equal parts“, like 
FD; then, if from each diviſion of Ca lines be drawn 
parallel to E D, acroſs the parallels B and C, the prin- 
cipal diviſion C will be divided into ten equal diviſi - 
ons, called ſub-divifions. 


* Hence there m_—_ another method of dividing a line into 
any number of equal parts; for, if FD was divided into 4, 5, &c. 
parts, and lines drawn, as above, to E, they would cut ac in 
the ſame manner into 4, 5, &c. parts. 

6. Let 


1 

6. Let each principal diviſion on the ſeale be num- 
bered from the right hand towards the left, beginning 
at a, with o, 1, 2, 3, &c. as in the figure, and the ſcale 
will be finiſhed. 

Note, if your principal diviſions were made equal to one 
inch, half an inch, Oc. the ſcale would be nominated ac- 
cordingly ; that is, an inch, or half-inch ſcale, c. and, 


as the uſe of theſe ſcales is for meaſuring and conſtrufing of 


fures, whoſe ſides are required or given in feet, yards 
Sc. it will be neceſſary to how on this ſcale, firſt, . 


212. How to meaſure any given line 
or diftance. 


Take in your compaſs the interval of the given line 
or diſtance, and lay one foot upon any of the principal 
diviſions, ſo that the other may fall either upon o, or 
among the ſub-divifions ; then, in the former in/lance, 
the number of principal divifions, which may be con- 
ſidered as 1, 10, 100, &c. feet, yards, &c. will be 
the length required. But in the /atter, you mult, to 
the number of principal diviſions, add the number of 
ſab-divifions on which the other foot fhall fall, count- 
ing from o towards C, thus, if each principal diviſion 
was eſtimated one foot, yard, mile, &c. then each iub- 


diviſion, being , or a decimal of the principal, you 
10 | 


muſt add ſo many tenths of a foot, yard, mile, &c. 
But, if each principal diviſion was ſuppoſed to be 10, 
100, &c. miles, then would each ſub-diviſion be 1, 
10, &c. miles; that is, the fourth ſub-diviſion would 
be 4, 40, &c. miles, always one-tenth of the prin- 
cipal. And ſecondly, 


213. How to take off any lineal diſ- 
tance, e. g. 240 feet, &c. 

You muſt firſt value the principal diviſions, accord- 

ing to the diſtance to be taken; that is, conſider them 


as 1, 10, 100, &c. feet, &c. which, in this _ 
mu 
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muſt be ſuppoſed equal to 100 feet; then, if you put 


one foot of your compaſs on the ſecond principal divi- 
ſion, and extend the other until it will fall upon the 
fourth ſub-diviſion, the interval in the compaſs will be 
the extent required. | 


Again, was the diſtance to be taken off equal to 
246 feet, &c. you muſt, in this caſe, after putting 
one foot of your compaſs in the ſecond principal divi- 
ſion, as before, extend the other until it will fall a 
little more than half way between the fourth and 
fifth ſub-diviſions ; becauſe the diſtance is more than 
240, and Jeſs than 250 ; that is, whatever part of 10 
feet, &c. any odd number of feet, &c. in the gi 
number is, the ſame part of any ſub-diviſion muſt be 
taken and added. But, when the diſtance to be taken 
is given in odd feet, &c. as in the laſt example, always 
uſe a diagonal ſcale, it being more exact; to conſtrud 
which, ſee the following problem: 


Pros. LIX. 


214. To make a diagonal ſcale of 
equal parts. fig. 59. 


MET#rop 1. Draw the line AB of any convenient 
length, ſufficient for the purpoſe of your ſcale, which 
divide into the primary and ſub-divifions, as in laſt 
problem. | 15 | 


2. Parallel to, and below A B, draw ten lines at 
any ſmall but equal diſtances, as in the figure, each 
equal to AB (153) and from each principal diviſion 
let the perpendiculars B D, o C, &c. be drawn acroſs 


the parallels (146) whereby each parallel will be di- 
vided like A B. 


3. Divide the principal diviſion C D of the lower 
parallel into ten equal parts, as you divided © B, and 
let oblique lines be drawn from the diviſions of o B 
to thoſe of CD, as in the figure, acroſs the parallels, 
and the points where they cut them will determine the 

ſeveral 
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ſeveral diſtances between 10 and 100, 100 and 1000, 
&c. 


4. Let each principal and ſub-diviſion, as alſo the 
parallels, be numbered, as in the figure, and the ſcale 
will be compleated. 


The ſuperiour advantage of this ſcale to the nw will 
evidently appear from the uſe of it, for which ſee the two 
following problems : Firſt, 


215. To meaſure any line or diſ- 
tance. 


Proceed, as directed in 208, to meaſure the given 
line on the line AB; and, ſhould the foot of the com- 
paſs which falls among the ſub-diviſions in o B, not 
exactly lie on any particular diviſion, as it generally 
happens, you muſt, in that cafe, obſerve what prin- 
cipal diviſion the other foot of your compaſs was 
placed on, and gently ſlide that foot down the perpen- 
dicular, from that diviſion acroſs the parallels, moy- 
ing the other foot at the ſame time ; let this motion 
be continued, until the foot on the ſub-diviſions ſhall 
fall upon ſome interſection amongſt the diagonal lines; 
and the parallel line, on which this interſection ſhall 
happen, will be the length required. Thus, ſuppoſe 
one foot was on the ſecond principal diviſion in the 
ſixth parallel, and the other upon the interſection of 
the fifth diagonal, with the ſame parallel in the point 
a then the diſtance b a, being added to the value of 
two principal diviſions, will determine the diſtance ; 
as ſuppoſe, one principal diviſion was 10, 100, 1000, 
&c. feet, yards, &c. then the diſtance would be 25.6, 
256, 2560 feet, yards, &c. Again, ſecondly, 


216. To take off any lineal diſtance, 
as 25.6, 256, 2560, &c. feet, &c. 


In 
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In the firſt example, each principal diviſion muſt bs 
to; in the ſecond, 100; and in the third, 1000, &c. 
feet, yards, &c. then, in each caſe, open your compaſs 
from the ſecond principal diviſion on the ſixth parallel, to 
the 5th diagonal, and you have the interval required; 
always obſerving, to put the compaſs on that principal 
diviſion which anſwers to the higheſt figure of the 
given diſtance, and denominate each according to the 
value of that figure. But, to meaſure any diffance 


On the ground, 


You muſt obſerve, that all lines or diſtances, the 
lengths of which are undetermined, muſt be meaſured 
by ſome determinate line, as, of a certain number of 
feet, ds, perches, chains, &c. Now, ſuppoſing 
the diſtance very large, a ſurveyor's chain of either 
two or four perches long is generally uſed ; the former 
having 50, and the latter 100 links. One end of this 
chain is carried forward in the line to be meaſured, 
and the perſon who carries it ſticks a picket, or an 
iron pin, at the end of the chain, which is taken up 
by the perſon who carries the other end of it, who, 
before he picks up the pin, always takes particular 
care that the chain is drawn tight, and exactly in the 
direction of the line to be meaſured. When they ar- 
rive at the end of the line, the number of pins taken 
ap, added to the number of odd links beyond the laſt 
pin, will be the number of chains and links in the 
line: conſequently, the length of one chain being 
known, the line to be mcatured is alſo known in 
chains, perches, &c. 


Again, when the diflance is /tort, and great exact - 
neſs required, uſe the 12 fect rod in the ſame manner 
as the chain was uſed, and yon will have the length 
in feet, and decimals of a foot. Or, if you chooſe, 
you may uſe a rod or ſtaff of 10 links in length; and, 
if each link be divided into 10 parts, you will have 
the diſtance in links, and decimals of a link. — 


1 But, 
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But, notwithſtanding the preceding method is very 
exact, yet, in military purpoſes, ſuch exactneſs not being 
abſolutely neceſſary; therefore other methods have 
been thought on, which have been found to anſwer 
ſaſſiciently exact, thus, e. g. To mealure the diſtance 
of two objects, between which an encampment is 
to be formed, the officer, whoſe buſineſs it is to ſettle 
theſe matters, rides over the ground a horſe, whoſe 
gait and rate ct going he is very well acquainted with, 
between the objects, and by the help of his watch, ob- 
ſerves the time ſpent in going from one object to the 
other. Now, ſuppoſe his horſe would walk 110 yards 
in one minute, and that he was 100 minutes going 
ſrom one object to the other, then would 100 X 110 
= 110co yards be the diſtance. Or, ſuppoſe in can- 
tering his horſe, he would paſs over 250 yards in a 
minute; in that caſe, ſuppoſe he was 40 minutes go- 
ing the diſtance, it would be 250 * 40 = 10000 
yards, Therefore it can be determined ſufficiently 
exact, vhether the diſtance will admit of the purpoſe 
or Not. 


Or diſtances may be meaſured by walking ; that is, 


by the number of paces cr ſteps taken in the line, 


which, if done with care, may come very near: but, 
firſt meaſure the length of a pace, by going back- 
wards and forwards over a certain meaſured ſpace of 
ground, each time counting the number of paces, 
which, when done two or three times, you thereby 
can determine how many you take ; then divide the 
length by the number of paces, and the quotient will 
be the length of one pace on an avarage: thus, e. g. ſup- 
poſe your pace to be 28 inches, multiply the number 
of paces in any required diſtance by 28, and the pro- 
duct will be the length required. 


It is particularly recommended to young gentle- 
men intended for military purpoſes, to — 4 them- 
ſelves expert at trials of this kind; and alſo, to con- 
ſtruc and meaſure, by the eye, as near as poſſible 
any kind of angle; raiſe or let fall a perpendicular 
from and to a line, and ſuch uſeful problems ; exerciſes 
ef 'this kind, will make them very expert when they 
come 
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come to be engineers, for by them they will be able to 
diſcover, at ſight, whether the buſineſs they are exe - 
cuting is right or not; therefore, they ſhould take 
convenient opportunities for this purpoſe, and have a 
rod, &c. always ready to determine whether they have 


been right or not, 


Note, From the method of conſtructing this diagonal 
ſcale, a line may be very conveniently divided into any 
number of equal parts ; if you draw any line, as B D, 
and at very ſmall but equal diſtances ; alſo draw ſe- 
veral parallel lines, perpendicular to BD (as'in lg. 
59) the number to be determined at pleaſure ; which, 
when carefully done, you may divide any line, by 
laying it acroſs them from B, thus, e. g. to divide a 
line into fix equal parts; take the interval of the 

iven line, and put one foot of your compaſs in B, 
and lay the other on the ſixth parallel, and obſerve 
where it falls; ſrom which, if you draw a line to B, 
the parallels will divide it (that is, your given line) 
into fix equal parts, as was required. 

Again, to divide a line into 12, &c. equal parts, 
proceed as above, only obſerve, that there muſt be as 
many parallel lines drawn as are neceſſary for the 
number of parts you would divide the line into; or, 
as the diviſion of a line in conſtructing of any plane 
ſcale (particularly thoſe for —— is neceſſary 
to be fully attended to, you may proceed, as directed 
in prob. 58, method 4, by dividing a line, as DF, 
carefully into 10, 12, &c. equal parts (204) and 
draw fine lines from each diviſion of DF to any point, 
as E, in a line perpendicular thereto, as E D, which 
call oblique lines : by theſe lines you may divide a line 
into equal parts, from a quarter of an inch, or leſs, 
to any length within the diſtance D F, thus, e. g. to 
divide a line of half an inch into 12 equal parts, pa- 
rallel to and at half an inch diſtance from E D, draw 
a fine pencil line acroſs the twelfth oblique line, and 
where it cuts it, let ſall a perpendicular to E D, which 
will be half an inch long, and the oblique lines croſſing 
it will divide it into 12 parts. Proceed in the ſame 
manner for any other diſtance. 

I 2 ProB, 
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Puos. LX 


217. To conſtruct a ſcale of feet and 
inches, generally uſed by maſons, car- 
penters, &c. in drawing their plans. 

| fig. 60. 


Merzop 1. Draw the lines AB and CD at any 
convenient diſtance, as in the figure, and on CD lay 
off your principal diviſions, as in the former ſcales, 
of one inch, half, or quarter of an inch, &c. 

2. Parallel to, and under C D (as in ſecond method 
of prob. 59) draw fix lines, and let the perpendiculars 
B F, o E, &c. be drawn from each principal diviſion 
acroſs theſe lines. | 


3. Biſect E F in 6, and draw the diagonal lines o 6, 


6 D, which will make the ſub-diviſions on the pa- 


rallels. 


4. Number the principal and ſub-diviſions, as in the 
figure, and the ſcale will be compleated. 


Note, The' method of taking of, or meaſuring any diſ- 
tance on this ſcale, being the ſame as on the diagonal ſcale, 
(prob. 59) it need not be again repeated; only obſerve, as 
the principal diviſfons on this ſcale are always feet, the ſub- 
diviſions therefore cannot be decimals, but twelſth-parts of 
the principal diviſions ; that is, any number of fub-divifions 
will be ſo many inches io be added, as before. 


ky Pros. LXI. 


218. To make a ſcale of fathoms and 
feet, uſeful in fortification, drawing 
profiles, &c. fig. 61. 


| Meruobp 1. Draw the parallel lines A and B / diſ- 
tam a; per figure) of any convenient length, for 2 
Cle, 
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ſcale, and parallel to them draw three other lines, as 
in the former ſcales. e 
2. Lay off on B D your primary diviſions, as be- 
fore, which, in this ſcale, will always, be one ſathom 
or ſix feet. eien ; 
3. Biſect che primary diviſion E F, of the lower pa- 
rallel, in 3, and draw the oblique lines o 3, 3 D, 
which, croſſing the parallels between D and F, will 
ive the ſub-diviſions, or the feet in each fathom. 
Or you may draw fix parallel lines, as in the laſt 
ſcale, for the fix feet in the fathom, and draw one 
diagonal line from o to F, and the ſub-diviſions will 

be in that diagonal. 


* 


To take off any diſtance on this ſcale, 
e. g. Ten feet, or one fathom four feet. 


Put one foot of your compaſs in the firſt prim 
diviſion and the ſecond parallel line (that being fix our 
of the 10 feet) and open the other foot to the fourth 
ſub-diviſion, marked 4, on that parallel (for the re- 
maining four feet) and the interval will be the ten feet 


required, &c. of any other. 
Pros. LXII. 


To meaſure the area of any right- 
lined figure. 


219. CAs E I. Let the given figure be 
the 1quare AB CD. fig. 12. 


Rur. Multiply the ſide BA by itſelf, and the pro- 
duct will be the area required; for, as each fide of a, 
ſquare is equal (per def. 53) let the baſe BA be of what 
meaſure you pleaſe, the area muſt be the product of that line. 
by ttfelf. Sce rem. to def. 52, and theo. 15. | 


220. CASE 


* 


= as 


220. CAsE II. Let the given figure be 
the rectangle AB DE. fig. 13. 


RuLe. Multiply the baſe AB by the ſide BD, or 
multiply the length by the breadth, and, in either caſe, 
2 product will be the area. Per rem. to def. 5 2, and 
theo. 15. 


221. Cas E III. Let the given figure be 
the rhombus ABCD (fig. 14) or rhom- 
boides AB CE. fig. 15. 


Rur. Multiply the baſes A B by the perpendicular 
altitudes BE and AD, and the products will be the 


areas required. Per theo. 15. 


222. Casz IV. Let the given figure be 
the triangle ACB. fig. 44. 


RuLt. Multiply the-baſe AC by halt the perpendi- 
cular altitude D F, or the perpendicular altitude DF 
by half the baſe AC, and, in either caſe, the product 
will be the area required. Per theo. 14, and cor. 1, to 
theo. 15. 


223. Cas V. Let the given figure be 
the trapezium. fig. 62. 


Rur. Divide the given trapezium into triangles, 
by the diagonal line AC, and find the area of each 
triangle per caſe iv. of this ) and the ſum of their areas 
will be the area required. {Per theo. 15, and ax. 9). 
Or thus, multiply the ſum of the perpendiculars in 
cach triangle by the diagonal, and half the product 
will be the area required. | | 

And if any irregular polygon, or any right-lined 
figure, be given to ſind its area, you muſt firſt divide 
the figure into triangles and trapeziums, by drawing dia- 


gonal lines; and if you find the areas of each (per cafe 
png | NR 8: al 
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iv and v of this) the ſum of all the areas together w 1! 
equal the area of the whole figure. 


224. Casz VI. Let the given figure be 
any regular polygon. 


RuLe. Multiply half the perimeter def. 87) by the 
direct radius {def. 92) and the product will be the area 
required: for the area of any polygon vill be equal to a 
reAangle, the baſe of which is equal to half its perimeter, 
and altitude the dire radius. This will be plain, on con- 
Arudling the parallelogram, and dividing it into equal irian- 
gles with thoſe of the polygon. 


Pros. LXIII. 


225. To meaſure che area of a circle. 
(See def. 3). 


Before this can be done with propriety, it will be 
neceſſary to premiſe the following particulars : 


1. As a circle contains the largeſt acea under the 
leaſt limits, it is therefore the moſt extenſive of all 
figures. 

2. As a circle may eaſily be conceived to be a po- 
lygon of an infinite number of ſides {/ze note to def. 86) 
as of 1000, 10,000, &c. ſides; or if you will 12,600 
ſides ; that is, the number of minutes in 360 degrees: 


For, if a circle be depreſſed ever ſo little, it will become 
elliptical, or like an oval; that is, a circular figure, longer one weay 
than another : in which caſe it will loſe of its dimenſions the more 
it is depreſſed, that is, the more excentric any oval or ellipſis is, 
having equal circumference or periphery with a circle, the leſs 
will be its area to that of the circle ; for, depreſs it until it be- 
comes flat, and it will loſe its area entirely : conſequently, in 
ell _ polygons, the more the ſides are encreaſed, the nearer 
will the figure be to that of a circle, and contain the greater 
area; that is, polygons of a greater number of ſides contain a 
greater area than thoſe of fewer ſides, having equal perimeters. 


which 
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| 

| . 

| which ſmall portion of the circumference will ap- 

| proach infinitely near to it, or the ſides of fuch a po- 

| lygon would nearly terminate in it; therefore, a cir- 

| cle may, without any ſenſible error, be conſidered as 
equal to a right-angled triangle, whoſe baſe is the cir- 
cumference, and perpendicular the radius. 


3. Since every circumſcribed polygon is greater, 
and every inſcribed polygon leſs than the circle; it 
follows, that the area of the former polygon muſt be 
greater than that of the latter; therefore, as the area 
of this triangle is %% than the circumſcribed polygon, 

| and greater than the inſcribed one, it will evidently be 
| equal to the circle. Hence, 


| 4. A reaangle under the radius, and half circum- 
1 ference, will be equal to the circle. A redangle under 
the radius, and whole circumference, will be double 
the circle. And laſtly, a re&angle under the whole 
circumference, and the diameter, will be four times 
the circle, Hence, to find the area of a circle, the 

rule is, 


226, Multiply half the circumference by 
half the diameter, or the whole circum- 
ference by one-fourth of the diameter; and, 
in either caſe, the product will be the 
area. 


But, to find a right-line which will exactly equal 
the circumference of a circle, r.otwithitanding much 
labour and time has been ſpent in various calculations, 
has not yet been diſcovered : hence the reaſon why 
the area of circles cannot, with certainty, be aſcer- 
tained ; and, to make up for this defect, approxima- 
tions have been uſed for finding the circumference, 
having the diameter given, and from thence, as ncar 
as poſſible, to arrive at the true area, as that of Van 
Culen of Leyden, where, he ſuppoſed the diameter to be 
1.000000.000000.000000, &c. and the circumference 
3-141592.653589.793238, &c. of which large num- 
bers, no more nced be uſed than the firſt five or — 

Lat 
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that is, if the diameter be 1.00000, the circumference 
will be 3.14159. Now, notwithſtanding much time 
and labour was ſpent in calculating the above num- 
bers, others have alſo been uſed, as 7:22; as 
106: 3333 as 113: 355; as 1702: 53473 28 I815: 5702, 
&c. &c. by any of which the circumference of any 
circle may be found, from having the diameter given, 
thus, 

n 

106: 15 : : any diameter : the circumference, 

113 3553. 

&c. 

of which proportions the reader may uſe which he 
likes; but for his government let him obſerve that that 
of Vun Culen is more exact; but for practice, that of 
7: 22, though not ſo true, is more generally uſed. 
However, as this is more a book of geometry than f- 
gures, let us proceed | 


227. To find the circumference of a 
circle, or an arch of it, geometrically. 


To perform this, various methods have alſo been uſed, 
many of which, like the above calculations, come very near 
the truth : however, the Author begs leave to introduce one 
of his own, which, on trial, will be found as exa as any 
to be met with, It ts as follows : 


Let the given circle be AB CD. 
fig. 03. 


Draw the diameter A C, and at right-angles to it 
the diameter BD; lay the radius from D to E, and 
draw E B, which will cut the diameter AC in F; or 
make CE equal one-third of the quadrant B C, and 
draw BE. Or laſtly, draw the chord B G equal the 
radius, and BE perpendicular thereto, and, in either 
caſe, the line B E will cut the diameter in F, and AF 
will be very nearly equal to the arch of the quadrant 
of the circle. Conſequently, if A F be carefully mea- 
ſured on a good diagonal ſcale, and its length 1 

our 
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four times the product will be extremely near the cir- 
eumference, and from thence the area may be found. 


Now, if the above method be tried, and compared 
with the area found by proportion, it will appear how 
near they are to each other. 


EXAMPLE. 


Let the radius of a circle AO (g. 63) be 11.35, 
and taken from a good diagonal ſcale, like that in 
prob. 59, No. 214; on which let each principal divi- 
ſion be conſidered as equal to 10 feet, &c. Now, if 
AF be found and meaſured on the ſame ſcale, it will be 
equal to 17.83: therefore, 17.83 X 4 = 71.32, the 
whole circumference, and from the foregoing propor- 


tions it will be equal to 71.31. 
Thus, Or thus, 
106: 333:: 22.7 : 71.31 113; 355 :: 22.7: 71.31 
-| 333 | 355 
25197 X3 1135 
106 | 7559-1 | 71.31 7945 f 
1392 1138 | 71-31 
33! * 
30 Vo 
24 160 
&c. | 47 Ke. 


And by the proportion of 7.22 the circumference will 
be equal to 71.34, more than, viz. the other propor- 
tions. 
7: 22 :: 22.7: 71.34 
22 


WY — 


7 | 4994 


71.34 LE 3 
So that the area, by calculation from the circum. 


ference found in the above proportions, will be 404.3 
feet nearly. | 


* This 22.7 = 11.35 Xx 2; that is, to the diameter, or 
EXAM- 


double the radius. 


E 
EXAMPLE 


35.655 = half circumference, 
11.35 = radius, or half diameter, 
178275 
4029015 


404, 6842 5 = area in feet, &c. 


And by the diameter found from geometry, the 
area will be very nearly the ſame. As for 


EXAMPLE. 
2 | 71.32 = whole circumference, 


11.35 = radius, or half diameter, 


17830 
402958 


404.7410 = area in feet, &c. 


In all which, the number of ſquare feet in area is the 
ſame, viz. 404, But a difference appears only in the 
decimals, which by geometry is but .06 of a foot more 
than that found by calculation; and if the area was found 
from the circumference produced from the proportion 
of 7.22, it would be equal 404.85 feet, where the num- 
ber of feet is ſtill the ſame, but the decimals greater than 
any other ; and, in all of which, the decimals may, 
without error, be eſteemed three-fourths of a foot. 


Pace. 1300: 


228. To meaſure a ſector of a circle. 
(See def. 24). fig. 64. 
Eg UL E 

Multiply the radius BA by the arch BDC, or the 


contrary, and half the product will be the area. N 
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And in the performance of this, it will be neceſſary: 
to ſhew how, in 


Pros. LXV. 


229. To find a right-line nearly equal 
the arch of a circle, or to any part of 
the circumference. 


' Let the gives arch be CBA. fig. 65. 


Divide the chord of the given arch CA into four 
equal parts, and lay one of thoſe parts on the arch 
from A to B, and draw a line from B to the third di- 
viſion on the chord CA, as B 3, and double that line 
will be nearly equal the arch. 


Pros. LXVI. 


230. To meaſure any ſegment of a 
circle. (See def. 23). 


Let the given ſegment be BD C. 
| fig. 66. 


Draw the radii BA, CA, and meaſure the ſector 
BDCA (228) and from the area of this ſector ſub- 
tract the area of the triangle ABC, found (per 223) 
and the difference or remainder will be the area of the 
ſegment BDC. 2, E. F. | 


Pros. LXVII. 


To conſtruct an oval or ellipfis. 


As I have not hitherto ſaid any thing of this figure, 
it will be neceſſary here to explain it, before it is con- 
ſtructed. | 

An 
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An oval or ellipſis, is a geometrical figure of a cur bed 
form, having one of its diameters, as C (fg. 68) longer 
than the other E F. The longeſt diameter is called the 
tranſverſe, and the ſhorteſt E F, the conjugate. The two 
points H and G, in the tranſverſe diameter, are called the 
focus, focii, or centers; and the point O, where the two 
diameters interſect each other, is called the middle point, or 
common center of the ellip/is. Any lines croſſing the tranſ- 
verſe diameter at right-angles, as ad, fe, &c. are called 
ordinates to the ellipſis. The half i a, or Hf, of the ordi- 
nate, is called the ſemi-ordinate, and is frequently conſi- 
dered as the ordinate itſelf. The ordinates e f and g hy 
which paſs through the focal points of the tranſverſe diame- 
ter, are called the latus rectum, that is, the ordinate 
rightly applied. The diſtance Ci, C H, &c. on the 
tranſverſe diameter, as alſo Dk, DG, c. are called abſciſſæ, 
that is, parts cut off. But when the redangle of any two 
abſciſſe ts taken, they muſt be ſuch as, when added together, 
their ſum will equal the whole tranſverſe diameter. "Theſe 
things being known, conſtruct the oval as follows: 


231. Let the oval be that at 
| fig. 67, No. 1. 


Take, at pleaſure, any two points, as F, G, for the 
centers, in which ſtick two pins, and let a ſmooth ſtring 
be provided in length, when doubled, more than the 
diſtance FG; tie the two ends of this line together, 
and, laying it over the pins, my the loop of it round 
them, drawing it tight by help of a pencil in the loop : 
the pencil during this motion, if kept even in the loop, 
will deſcribe the oval ABCDEL 2. E. F. 


Otherwiſe thus, fig. 67, No. 1. 


Deſcribe the two circles A BG and FCD, with the 
ſame radius paſſing through the centers of each other in 
Fand G, theſe will cut each other in the points @ and 5 ; 
from b and a, as centers, and with the radius AG or 
FD, ſweep the arches BC and IE: theſe arches, 
with the remaining arches of the circles I AB and 
CDE, will compleat the oval. L. E. F. 


232. Or 


= xx 


232. Or thus, Suppoſe the diameters 
were given, that is, the oval to be of a 
given length and breadth. 


Let the tranſverſe diameter be A, and the 
conjugate diameter B. fig. 67, No. 2. 


Take the line CD equal the tranſverſe diameter A, 
on which lay from C to G the conjugate diameter B; 
divide the remainder of the tranſverſe diameter G D 
into three equal parts (145) and biſect C D in O, on 
each ſide of which lay off two-thi-ds of G D, which will 
give the focal points G and H. On the line G H make 
the equilateral triangles HEG and HFG, and pro- 
duce their ſides both ways, from G and H towards 
the points a, ö, c and d; on H and G, as centers, 
and with the radius H C or G D, ſweep the arches 
dCa and b De, and from the points E and F, with 
the radius Fa and Ed, ſweep the arches aEb and 
Fe, ſpringing from the former arches in a, 6, c and 
d, which will compleat che oval. 2, E. F. 


Prop, LXVIII. 


233. To meaſure che area of an el- 
lip/ts, or oval. 


Let the given elliplis be C E DF. 
fig. 68. 


GEOMETRICALLY, Find a mean proportional A B 
between the diameters (196) which will be the diame- 
ter of a circle ; the area of which being found per 226) 
will be the area of the ellipſis required. Or thus, 


AxTumETICALLY. Multiply the product of its two 
diameters by the decimal number .7854 *, and the 


This number is the azea of a circle, the radius of which :4 


unity, Of 1. 
product 
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product will be the area required. But if the area of 
a ſegment be required, and the baſe parallel to the 
tranſverſe diameter, find the areas of the inſcribed 
circle and of the whole ellipſis, and uſe the following 
proportion: | 

: the area of the circle : : the area of the ellipſis, 
: : the area of the ſegment in the inſcribed circle (cut by 
the baſe of that in the ellipſis): the area of the ſegment 
in the ellipſis. | 


PROB. LXIX. 


234. To conſtruc an oval or ellipfis 
mechanically, fig. 67. 


MceTHop 1. Make a ſquare, as ABCD, of any 
convenient ſize, to anſwer the purpoſe deſigned. 


2. Produce the ſides (as per figure) to a convenient 
length, as to a, 6, c and d. 


3. From the point A, as center, and with the in- 
terval 4d A, deſcribe the arch dc ; in the ſame manner 
from C, as center, with the radius C6, deſcribe the 
arch a6. 

4. From B, as center, with the interval Be, de- 
ſcribe the arch ca; and from D, in the ſame manner, 
with the ſame radius, or the interval Dd, deſcribe 
the arch ab, which will compleat the oval. &: E. F. 


Pros. LXX. 
235. To conſtruct a parabola. 


Let the axis CD, and the ordinate AB, 
e given. i fig. 68. 


Before this can be done, it Twill be neceſſary to ſay ſomething 
concerning the parabola. It is therefore a geometrical figure, 


produced from the ſection or the cutting of a cone parallel to 


[ m8 J 


one of its fides, that is, the plane ſurface produced from this 
ſettion, ts called a parabola. And here obſerve, that the 
cone which produces this figure is a ſolid body, the baſe of 
which is a circle, the remainder of its ſurface being alſo 
circular, and terminating in a point perpendicularly over the 
center of its baſe ; fo that in form it is nearly like a ſugar- 
loaf; and the axis of the parabola a right-line perpendicular 
to, and biſecting any ordinate ; and the ordinate, like that 
in the ellipfis, is any right-line, croſſing the axis at right- 
angles, and terminating in the curve of the parabola. This 
being known, you may conſtruct it as follows : 


Take the line A B equal the given ordinate, which 
biſect in C; on C raiſe a perpendicular CD, equal to 
the given axis, which produce below AB, until it 
meets a circle, deſcribed through the points A, D and 
B (164) ina. Upon the line C Ddeſcribe as many cir- 
cles as you pleaſe, having their centers in that 
line, each paſſing through the point D; theſe circles 
will cut CD in the points b, c, d, &c. Let Ca be 
taken, and transferred upwards towards D, from 
the points of interſection ö, c, &c. to the points m, n, 
o, &c. through the points m, a, o, & c. draw 
chords parallel to A B, and where theſe chords cut 
their circles, the curve of the paralola muſt paſs; there- 
fore, let them be joined by a careful ſteady hand, and 
the parabola will be compleated. 2, E. F. 


PART 


L 9 J 
PART III. 
K 1 1 U N 8. 


1. WHAT things or quantities, are equal to one 
and the ſame thing or quantity, are equal among 
themſelves. | 

2. If equal things be added to equal things, the 
ſums or wholes will be equal. 

3. If from equal things equal things be taken away, 
the remainders or differences will be equal. 

4. If to unequals you add equals, the ſums or wholes 
will be unequal. 

5. If from unequals you take away equals, the dif- 


ferences or remainders will be unequal. 

6. What things are double or treble, the ſame things 
are equal. 

7. Thoſe things which, being applied to, or laid 
upon, each other, and found to agree in all particu- 
lars, are equal. (See rem. def. 76). 

8. If right-lines or angles be equal, they will mu- 
tually agree with each other ; and the contrary. {See 
rem. to 2 5 and 25). 

9. Every whole thing or quantity is greater than its 
part, for, the whole is equal to all its parts together. 

10. All right-angles are equal among themſelves. 

11. Equal circles have equal radii. 

12. Two right-lines cannot include a ſpace, becauſe, 
for that purpoſe, three right-lines at leaſt will be re- 
quiſite. 


When the reader has committed the above axioms 
well to memory, let him make himſelf acquainted with 
the following abreviations or characters, made uſe of 
in the following work, together with thoſe formerly 
explained at the latter end of the firſt part. 


K Angle, 


E ag0 } 


L Angle, DO Square, 
L. Right-angle, || Parallel, 
A Triangle, U Parall:lgram, 


—. Perpendicular, *.* Therefore, 
i. e. Thai is. 
AB! The ſquare of any quantity repreſented by AB, 
i Figures thus placed in the margin, fignify the number of 
2 the flep or argument made uſe of in the ſynthetical de- 
3 momſi ration of any theorem, c. Def. 135. 


Hpo. Hypotheſis, Cor. Corollary, 
Rgle. Redanrgle, Def. Definition, 
Ax. Axiom, Conſeq. Conſequently. 


2, E. D. Which was to be demorſtrated, 
(1 and 2, &c.) Figures thus joined by the word and, or 
ſingly, are uſed as a reference to the parti- 
culars proved in the flep or fleps refered to 
by the numbers. 


THEOREMS. 


THEO. 1. 4Evuc. Lis. 1. 


If two fides AB, AC, and the included (A 
in one & ABC, be = to the two ſides DE, DF, 
and the included . D of any other A, DEF, 
each to each ; the remaining fide or baſe BC 
of the one, will be = to the remaining fide 
or baſe EF of the other. Again, the L B 
and C at the baſe of the one, will be = to 
the V E and Fat the baſe of the other : and 
laſtly, the whole As will be congruous, (76) 
conſequently = to each other. 


Hvrorugsis. Tursis. 


In the AS ABC&DEF, 1 BC=EF. | 

AB=DF, AC=DF, 2 BSL E, &. CF. 

and { A = D. 3 A ABC= A DEF. 
Deuox- 


1 


Dx MONSTRATION. 


i LET the point A be laid upon the point D, (141) then 
from the equality of the lines A B and DE (by Hpo.) 
the point B will fall upon E, and the lines agree with 
each other. Ax. 8). And becauſe { A LD 
(by Hpo.) the line A C vill fall upon DF ; and, as the 
lines are =, the point C will fall upon F. Hence the 
three points A, B and C of the one A, will exactly 
fall upon, and agree with the three points D, E and 
F of the other A; conſeq. the ſide BC will per- 
fectly agree with the ſide EF, . they will be = to 
each other (by Ax. 7). . E. D. in the firſt part. 
Again, 

2 Becauſe the three points and ſides of the A ABC, 
fall exactly upon, and agree with theſe of the A 
DEF (by 1 flep) the L B will fall upon, and agree 
with the E; and alſo, in the ſame manner /_ C 
will agree with ( F; . the Ls will be = (by ax. 7). 
9, E. D. in the ſecond part. And, 

3 Perceiving from the arguments uſed in the fore- 
going ſteps, that all the ſides and Js of the A 
ABC, agree perfectly in every reſpect with the 
ſides and s of the A DEF; the As . muſt be = 
and congruous. {per ax. 7, and def. 76) Q. E. D. 
in the third part, 


THEo. 2. Scho. 4. Euc. Lis. 1. 


If intwo As ABC and DEF there be two / 5 
A and B and the included fide AC in one A, 
= to two , D and E, and the included fide 
DE, in the other, all the other parts will be 
= and the A congruous. (76) fig. 2, 


HyeoOTHES1s. THEsS1s. 


In the As ABCand DEF, A ABC S A DEF. 
LAS Dand{ B=. E, 
and AB = DE. 


Dzmox- 
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DEMONSTRATION» 

1 LET the point D be laid upon the point A, (141) and 
the fide DE upon AB, which, becauſe they are = 
(by 17po.) the point L will fall upon B. And, from 
the equality of the E to the £ B, the fide EF 
will fall upon BC. Now, 

2 Suppoſing the ſide EF greater or leſs than the fide 
C, in either caſe the point F, of the A DEF, will 
not fall upon the point C of the other A, from 
which ſuppoſition the other ſide D F, will not fall 
upon AC, conſeq make the LD greater or leſs 
than the A. But, 

3 Becauſe the L D is (by Ipo.) = to the L A, the 
line DF. mult fall upon the line AC; and con- 
ſequently the point F on the point C; i. e. the 
ſides of the A DE F vill fall upon and agree with 
the ſides of the A ABC, from which agreement 
they will be = and congruous. 2, ZE. D. 


THEO. 3. 8 Evc. LI B. 1. 


F in two As ABC and DEF, al! the fades 
in one I be e to all the ſides in the other, each 
to each reſpectively, the Ls oppoſite to the = 
fides will be =, and the whole As = and con- 
gruous. (76) fig · 3. 


HyreoTHEs1s. THESIS, 
In the As ABC, & DEF, 11 A=/{ D, B= E, 
AC=DF, AB=DE, & FE FA * 
Ek. 2 AABC=ADEF. 


DrzmoONSTRATION. 


1 LET the point D be laid upon, or applied to the 
point A, and theline DEto A B, ( 141) which, becauſe 
they are = (by Hpo.) the point E will fall upon the 
point B. Then 

2 On A, with the radius AC deſcribe the archa (139), 
and, becauſe the ide DF = AC (by Hyp.) the 2 

F wi 


1 


F will fall ſomewhere in that arch; in the ſame man- 
ner, with the fide BC, from B as center, deſcribe the 
arch de, cutting abinC, and in which arch the 
point Y muſt allo fall, becauſe EF = BC. But, 

3 From the equality of the lines AC to DF, and BC 
to ET (by H.) the point F mult „. fall on, 
or be en both circles, i. c. in the point C where they 
in.criect *.* as they are found to agree in every par- 
tie nlar / to V, and ſide to ſide, the { A will = £ D, 
E, &c. 2, E. D. inthe ſinſt part. And laſtly, 

4 From this agreement of the As, they muſt be = 
and congruous. Q, Z. D. inthe ſecond part. 


THEO. 4. 26 Euc. LIE. 1. 


Vin 1200 As ABC and DEF the / 5 Aand B, 
and tie ſide AC oppoſite one of them in one &, be 
reſp tively = 19 the two {s D and E, and the 
fide DV eppojite to an = [ in theother, the whole 
As will be = and congruous. (76) fig. 4. 


HyvroTHEs1s. Tursis. 
The LA g=. D, LB = LE, AABCSADEF. 
and AC = DEF. 
DruoxsrRATIOx. 


1 LET the point A of one A be laid upon the point 
D of the other, (141) then from the equality of the 
line AC to DF ( Hpo.) the point C will fall upon 
F. And, 

2 Becauſe /. A = D, the line A B will fall upon 
DE; but, as AB is not given = to DE, the 
point B may not, in that caſe, fall upon E, but, 
on ſome point between D and E, or beyond E, as 
in g, and . make the . DSF LA BC. But, 

3 The / DEF=/{ ABC {lyHpo.) conſeq. the J. 
De F will = LDE F (per Ax. 1) i. e. a part = 
to the whole; which being abſurd, and contradictory 
to the gth axiom, the point B, as it cannot — 

either 


1 4 
either on one ſide or the other of the point E, muſt 
evidently fall upon E. Now, | 


4 Becauſe . E B (ly Hpo.) the fide BC muſt 
fall upon E F, and make the two As agree in every 
particular; conſequently be = and congruous. 


2. E. 5 
THEO. 5. 5 Euc. Lis. 1. 
In an er or equicrural A, as ABC, 
e 


the Ls at the baſe A and B, oppoſite to the = 
fides AC and BC, will be =, 

Hyrorasss. THESIS 
The A ABC is an iſoſceles A. CL Am/{.C. 


To prove this, you muſt beſet the line AB in 4, 
(144) and draw the line d C, which will divide the A 
into the two As AdCand BdC. 


DEMONSTRATION. 


1 I SAY, theſe As Ad C and BdC are congruous, 
for, Ad = d B (by conſtrudtion A C = BC (by Hpo.) 
and Cd is common to both. . 

2 L A will = L B, being oppoſite to the common 
and conſeq. = ſide d © (per Theo. 3, or 8. E. lib. 1.) 
9, E. D. 


1 CoroLLary 1. 

1 | HENCE, a right-line let fall from the vertex of an 
4 iſoſceles A, ſo as to beſect the baſe, it will alſo beſet 
4 the vertical L, and be L to the baſe; yar the A 
ll. Ad C is equilateral to the A B d C, conſeg. the L at C 
1 | being oppoſite to the = lines A d and d B, are =; and, as 
1 the Lt at d are AC and BC; oppoſite to the ſides; 
**dC muſtbe |. Per. Teo. 3,or 8. E. Lib. 1.) 


Cor. 2. In any right-lined A, when the Js at 
the baſe are =, the ſides oppoſite thoſe = Vs will 
alſo be =, for, theiwe As Ad Can BdC are con- 

gruouss 


E 


gruons, conſeq. by any of the foregoing theorems, they will 
agree L to L, and fide to fide. +*.* &, 6 Euc. Lib. 1. 


THEo. 6. 13 Euc. Lis. 1 


If any right-line B C ſhould fall upon another 
right-line AB, it will either make two Ls, 
or {.s = to two right ones. fig. 6. 


HyPoTHEs1s. THEs1s. 
That BC tis a right-line, meeting 1 LAC DS BCD 
or flanding on the right-line are both Lc. or 
AD. 2 they are = to2 LG 


To prove this, from the point C, as center, ſweep 
the ſemicircle ABD (139) and raiſe the L Cd. (146). 


DEMONSTRATION. 


i LET the line BC ſtand L on AB (i. e. in the 
poſition Cd); in that caſe, the Js on each fide 
would be Ls {per def. 33) Q. D. inthe firfipart. Again, 

2 Let the line BC ſtand obliquely, (as it appears to do 
in the figure) in that caſe the arch B D will be the 
meaſure of the (e (def. 29) and in like manner 


will the arch Bd A be the meaſure of the A CB, 


or the ſum of the / a and L b together. But, 
3 The arch BD + the arch BdA = a ſemicircle, 


and as the ſemicircle will meaſure two Ls (per rem. 
def. 30) the L ACB + L BCD will = 2 5. 
2. E. D. in the ſecond part. 


COROLLARY I. 


HENCE, if ever ſo many right-lines ſhould fall upon 
another right-line in the ſame point, the ſum of all the 
Ls taken together will only = two Ls; for, in that 
caſe, it will be two \_s divided into ſeveral parts, or, a 
ſemicircle xvill meaſure them all. (See rem. def. 30.) 


Cor. 2. If ever ſo many right-lines croſs or inter- 


let each other in the ſame point, all the £s _ 
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that point, taken together, will only = four Ls; 
for, if a circle be ſwept about the point of interſefion, as 
center, the circumference will meaſure them all. Oc. 
(See rem. def. 30). 


THEo. 7. 15Evuc. Lis. 1. 


If two lines AC and BE inierſect each other, 
the vertical or oppoſite L will be =. (70) 
| ig. 7. 


H yyoTHEsrs. TugEsis. 


The right-lines AC and B E, { b or 
inter ſed, or cut each other. L 2d. 


DeuoxsrTRATIOx. 
| 1 I SAY, the / a+ Lc =2|..s. (per theo. 6. or 13 
lf E. Lib. 1.) And, ao 


2 The Lc ＋ LS 2 Ls. (per. ſame.) Conſeq. 

3 The La+HLce = {cc X Lb. (per ax. 1) But 

4 The Lc isacommon L on both ſides of the equation, 
(in zd. ſtep,) taking it away, there will remain 
the LA L (ber ax. 3). 2, E. D. 


In the fame manner may the Lc be proved = / d. 


Taro. 8. 27 Euc. Lis. 1. 


Fa right-line EF, cut trvo || lines AB and 
CD, (39) the external { a will be = to the 
internal and oppoſite one d, on the ſame fide 
of the cutting line EF; (61) again, the 
alternate Ls b and d will be equal ; (69) 
and laſtly, the two internal Ls f and b, or e 
and d, (62) on the ſame fide of the cutting 
1 line, will, together = tao right-angies. 
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Hvrorursis. Tusrsis. 


That A B and CD 1 External {_ a = the internal d 
are || lines, and cut 2 Alternate L = the alternate . d 
by the right. line E F. 3 The internal Ls band f,or d and e 

are on the ſame ſide of EF L. 


DEMONSTRATION. 


1 I SAY, becauſe the lines A B and C are || (per Hyp.) 
the line E F will have the ſame inclination to both 


(per def. 39). But 

2 This inclination is expreſſed by the s a and d, 
the external /. a = internal L d. 2. E. D. in the 
firft part. Again, 

3 The L a = the L B. (per theo. 7. 15 E. lib. 1.) Alſo, 


4 The { « = the L d, (per 2d4/tep)+.* the alternate / 5 
= the alternate C d. (per ax. 1.) Q.. D. inthe 2d part. 


In the ſame manner may the Ce be proved, . 
Laſtly, 
5 The/ a+ Le 21.5 (per. theo. 6.59 13 E. lib. 1.) But, 
6 The L a= L. d. (per 2 flep). 


7 The L d + Ce muſt equal 2 Ls, (per. Ax. 1.) 
9. E. D. in the third part, 


In the ſame manner may the ( + / be proved, 
22 Us. 


CorOLLARY 1. 
HENCE, if a right line cuts two other right lines, 
and make the external C equal to the internal and 
oppoſite J, or the two internal Js on the ſame fide 


== to two right ones, the lines will be parallel. 
(29 Z. Lib. 1. 


Cor. 2. If one right line cut two other right 
lines, and make the alternate Js equah, then thoſe 
lines will be parallel. (28 E. Lib. 1.) 


THEO. 9. 32 Euc. Lis. 1. 


In any & as ABC, the external L CBE is 
equal to the two internal remote ones a and c, 
and the ſum of the three angles together will 
= 2 L ones. 

L Hyro- 


L 138 1] 


HvyeroTHEs1s. THes1s. 
That the fig. ABCisa A 1 The external / CBE = 
and its fide AB is pro- the two internal and oppo- 
duced to E. fite L a and e. 
i 2/a+L{c+/{ b=2}_s. 


To prove this, through the point B, draw the line 
DB || to AC. (153). 


DEMONSTRATION. 


1 ISAY, the d = L a. (per part 1. theo. 8. and 37 E. 
lib. 1.) And, 


2 The Le= Lc. (per part 2, of the ſame). | But, 
3 The Le +{. d=the external L CBE. (per. ax. 9. +. 


the external CBE is = the internal Is a and e 
together. 2. Z. D. in the firft part. Again, 


4 The external . CBE +/ b—2[.s. (per theo. 6. 
and 37 E. lib. 1). But, 

5 The . CBE = { a+/.c. (per the firſt part of this.) +.* 
the La- Le LJ, will equal 2 Ls. (per 4 and 5.) 
J. E. D. in the ſecond part. 


CoROLLARY I. 


THE external L of any A, is greater than either 
of the two internal oppoſite ones ; for, it is = to them 
both together. 


Cor. 2. In any A, if one of the Js be right or 
obtuſe, the other two will be acute; for, they are all 
together = 2 L. 


Cor. 3. If two Js of one A be S to two Is of any 
other A, the remaining L in both As will be =, 
for, the ſum of the two V in one, & the third [_ is 
= to the ſum of two I in the other, & the third L. 

Cor. 4. If one / in one A, be = to one L in any 
other A, the remaining two Ls in both As will be=, 
for the ſum of all the LI in one, are = to the ſum of 
all the [_s in the other. 


Cos. 5. If one J in any A be a right one, the 
remaining two together will make one right one. 


Cor. 6. When in an ifoſceles A, the { included 


between the = {des is a right one, the other two Ls 
are 


L +] 


are each of them half right ones; for, they are = to 
each other. (per theo. 5, and 5 E. lib. 1), and, are 
together equal to one right one. (per cor. 5, of this.) 


Cor. 7. In an equilateral A, each angle is 2 of 
one right one; for, as it is % of 1900 right ones . it muſt 
be ; of one. | 


THEO. 10. Part of 32 Euc. Lis. 1. 


In every quadrilateral figure, as ABCD, 
the four L taken together will = four Ds. 


HyeoTHEs1s. THEs1s. 
The fig. ABCD ir a guadri- CZA+LCB+[{C+ 
lateral. L D = four L. 


To prove this, draw the diagonal AC, which will 
divide the figure into two As. 


| DEMONSTRATION. 
1 THE Vs in each A taken together, are 2 Ls, 
(per theo. 9. and 32 E. lib. 1.) And, 


2 Since all the Ls in the two As, together = the 
Js in thewhole quadrilateral ABCD; then, if the 
Js of one A, be added to thoſe of the other, the ſum 
muſt = the /s in the quadrilateral. But, 


3 The Js in the two As taken together, are = to 
four Ls; . all the £s in the quadrilateral A BCD 


will = four I. s. 2, Z. D. 


THEO. 11. Part of 32 Euc. Lis. 1. 


In any polygon whatever, all the internal { s 
taken together, will = twice as many E as 


the polygon hath ſides, abating four. 


HyeoTHEs1s. THEs1s. 
That the figure A is a poly- All the internal V will 
gon. | = twice as many L, as 
there are ſides in the po- 


lygon, abating four. 
To 


L Ho J 
To prove this, take any point within the polygon 
as A, from which, draw right lines to every L in it, 
and theſe lines will divide it into as many As, as the 
polygon hath 1ides. 


DEMONSTRATION. 


: EACH A contains two LS. (per theo. g. and 
32 E. lib. 1.) conſeq. all the / s in each A taken 
together, will = twice as many Ls, as the po- 
lygon hath ſides. But, 

2 In theſe As, there are four Ls about the point A, 
(per theo. 7. and 15 E. lib. 1.) which have nothing to 
ſay to the Js of the polygon. . if you take theſe 
four Ls away, the remaining Js which alone be- 
long to the polygon, will together, = twice as 
many Ls as the polygon hath ſides, abating 
four. Q. E. D. 


THEO. 12. Part of 32 Euc. Lis. 1. 
All the external V of any polygon what- 


ever, will = only four Ls. 


Hvrornzsis. Tursts. 


The figure Ais a polygon, the A the external L to- 
fedes of which are produc-d. gether = only four Lt. 


Dr mONSTRATION. 


1 EACH external J, with its adjacent internal one, 
will = 21. s. (per theo. 6. and 13 E. lib 1.) Conſeq. 


2 All the internal and external / s together, will = 
twice as many s, as the polygon hath ſides. But 
3 The internal Js together, = twice as many Ls as 


the polygon hath tides, abating four. (per. ſbeo. 
11. and 32 E. lib. 1.) +. 


4 Taking away the internal Js, the remaining exter- 
nal Ls, will = only four Es. 2, E. D. 


Cor, 


1 


CoroOLLARY. 


HENCE, the external L of any regular or or- 
dinate polygon, is always = to the / at the 
center of it; for, the external Vs together, are in number 
= to the Lt at the center, which, being == to four Li, 
conſequently, whatever part of four L. the L at 
the center is, the ſame part muſt the external L be, . c. 
But e. g. if the polygon be a pentagon, the external 
J would be the ; of 360*®, or four Ls, i. e. 729. 
Again, if an hexagon 60“, if an ofagon 45*, a nonagon 
40, a defagon 369, and, if an eptagon 513 or 51 4, 
nearly becauſe 360 cannot be exactly divided by 7. 


Note, the conclufion to be drawn from this theorem is 
amazing! for, ſuppoſe a polygon to be conſiructed with 1000 
ſides, (or as many more as you pleaſe) it would have as 
many external /_s ; and notwithflanding their number would 
be ſo great, their contents, added together, will make only 
four L 


Treo. 13. 18, and 19 Evc. Lis. 1. 


In every right lined & as ABC, the greateſt 
L A, ts oppoſite to the greateſt fide BC; and 
the contrary, i. e. the greateſt fide CB is 


oppolite to the greateſt £ A. fig. 13. 
HyeoTHES1s. THEs1s, 

In the A ABC the idle 1 The L A oppoſite to the 

CB « greater than either eateſt fide CB, is greater 

AB, or AC ; and the . than the L C, oppoſite to the 

A. is greater than either leſſer fide AC. 

the L B, or the LC. 2 The greateſt ſide CB is op- 


foſite to the greateſt . A. 


To prove this, make BD = BA (140) and draw 
AD, which will make che AABD an iſoceles A. (45). 


DeuoxsrRATiox. 

1 BECAUSZ, BD = BA by conſtrud᷑ion, the Ca will 
= Lb. (per theo. 5. and 5 Z. lib. 1). Again, 15 

e 
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2 The { bis greater than the / C.(per cor. I lot hes. 9). But 
3 The CA is greater than the La, ax. 9. 
which is equal the /. b. (per N b 
4 The L CAB, oppoſite to the greateſt ſide CB, 
is greater than the ( C, &c. Q. Z. D. in the jirſt part. 
In the ſame manner, may the A be proved 
greater than the ( B. 


5 The converſe of this theorem muſt be true from the 
firſt part ; for, if it were not the caſe, CB, the greateſt 
fide, mult be oppoſite to the leſſer CC or B. But, 

6 The greateſt ſide CB is oppoſite to the / A, which, 

in the firſt part was proved to be the greateſt /. 
„ &. 2. ZE. D. inthe ſecond part. 


THEO. 14. 34 Euc. Lis. 1. 
In every (1) ABD C the oppoſite Vs, and 


oppoſite fades are =, and, it is cut into two = 


parts or Os by the diagonal BC. 


HyeoTHEs1s. Tuksis 


The figure ABDCisa 1 LBS L C&/ A=/ D 
7] and BC is a diagonal 2 Thefide AB =CD&AC 
line. — BD. 

| 3 The ACAB=the ACDB. 


Dz MONSTRATION. 


1 BECAUSE AB and CD are I (per def. 31.) the 
L a= L (ber. theo. 8. and 27 E. lib. 1), being al- 
ternate, in the ſame manner is the c= V. d. (AC 
and BD being ||.) Conſeq. the L a+ Lc, will = 
L L d. (per ax. 2). But, 

2 The L B the L a + Lc, and the C= the 
Lb + d. (per ax. 9). the LB = C. 
9. E. D. in the firſt part. Again, 


3 In the As CAB and CD, the Cs a and d in one A 


are tothe Is band c in the other (per 1 eh) and the 


fide BC between thoſe /_s, is common to both As, 
conſeq 


E 


conſeq. they are congruous. theo. 2. and Scho. 
4. E. lib. 1.) * the fide AB = CD, and the 
ſide AC = BD, (per theo. 2. and Scho. 4. Z. lib. 1). 
9. E. D. in the ſecond part. Laſtly, | 


4 The ACAB= ACDB; becauſe, in the ſecond 
part they were proved to be congruous, *.* they 
muſt be = and conſeq. halves of the . 

9. E. D. in the third part. 


CoROLLARY 1. 


HENCE, if any point as o, be taken in the diago- 
nal of any U, and, there be drawn through it, the 
lines qr and 27 || to the ſides of the Q, the com- 
plements gs and rt (56) will be=; for, the whole [7] 
AD is divided into two = parts ; by the diagonal BC, 
viz. the As CAB and CDB, and into four (Ts by 
the lines q r and s t, two; q t and s r about the diagonal, 
and two, q s and tr the complements of thoſe to the whole 
(I; But, the CIs qt and s r about the diagonal, are 
equally divided by the line BC (it being a diagonal to both } 
*,* taking away their halves on each fide of this diago- 
nal, from the whole As CAB and C DB, (which, by the 
third part of this theorem are =) the remainder, viz. the 


CT qs and t r muſt be = alſo. (per ax. 3). 43 E. lib. 1. 


THEO. 15. 35 and 36 Evc. Lis. 1. 


The Cs EABF, ECDF and GCDH 
ſtanding upon the ſame or = baſes EF and 
GH, and between the ſame or equidi/tant || 5, 
AD and FH, are = to each other. 


HyeoTHEs1s. THaEs1s 


That the quadrilaterals EABF, The cas EABF, 
EC DFC GCD Hart uponthe ECDF & GCDH 
fame or = baſes, EF & GH; & are =.) 

bet cueen the ſame || s ADandFH. 


To prove this, draw the lines FA, and FC. (137). 
Dx mon- 


FW 


DeEmonsTRATION. 


1 I SAY, the AAEC= A BFD (per thee. 1. and 
4 Z. lib. 1.) for, AE=BF (per theo. 14. and 34 E. 
lib. 1.) and AC = BD (per rem. to def. 67.) becauſe, 
AB = CD, and CB is a common line added; alio, 
the Ls ACE and BD F between thoſe = ſides are 
. (per part I. theo. 8. and 27 E. lib. 1). But, 


2 The A Be C is common to both theſe = As AEC 
and B FD, conſeq. taking it away from both, the 
remaining parts or trapeziums, A Be E and CD Fe 
will be =. (per ax. 3.) Now, 

3 It to thoſe = trapeziums, you add the A Ee F, the 
wholes, i. c. the E EABE and EC DF will be . 
(per dA. 2.) 2. E. D. 


In the ſame manner may the G CDH be proved 
=ECDF, -. the three (Js are =, (per ax. I.) 


CoroOaLLARY 1. 


HENCE, the As EAF, ECF and GCH ſtand- 
ing upon the ſame or == baſes EF and GH, and 
between the ſame ||s ADand EH are =: for, (per 
theo. 14, and 34 E. lib, 1.) they are habves of the (1s, 
en ewhoſe baſes they land; which, by the hypo. in this theo. 
are , ** if the wholes (i. e. the (1s) be =) the halves 
of the qubales, (i. e. the At) will be = alſo, 37 E. lib. 1. 


Cor. 2. Hence alſo, if a A ſtand between the ſame 
Us with any U, and have the ſame or an = 
baſe with it, it will be half of the U: for, the 
AECFis S =. A EAF, (per cor. 1. & 37 E. lib. 1. 
but, the A EA F whalfth- . EB (per theo, 14. &-34 
E. lib. 1.) . the A EAF it alſo half of the (EB. 

41 E. lib. 1. 


In the fame manner may the A GC H be proved 
== to half the L] E B. 


Cor. 3. Hence alſo, any A ſtanding between the 
fame [s with a [U, having its baie double that 
of the U, the A muſt be = to the (7: for, f 
the vaſe of the A was == 10 that of the CI, the A would 
be z= one buf the U, but, being double, the A muſt be 
== ths . 42 E. lib. 1. 

Note, 


C 20s 3 


Note, from the above theorem let it be obſerved, 
that the perimeter (87) of any figure is inſufficient to 
determine its area; for, were the parallel lines A Band 
E H, produced to any conſiderable length or diſtance, 
the L BE would be = in area, to any [_] ſtanding 
upon the ſame or an = baſe with it, and between the 
ſame || s, be the other U of what extent or obliquity 
you pleaſe ; and here it may be farther obſerved, 


That the greateſt part of mankind form their idea 
of the ſize of any ſpace, as a town or city, from the 
circumference of it, i. e. its perimeter. Now, were 
ſuch men to be informed that any town, the circumfer- 
ence of which meaſured only 500 chains, perches, &c. 
contained an = area with another town, which 
meaſured in its circumference 5000 chains, perches, &c. 
or, that the area of the former, was three times as 
great as that of the latter, they would be ſtruck with 
amazement; but, when once made acquainted with 
a knowledge of the above theorem, their wonder 
muſt ceaſe, and, while they give up their opinion, 
admire the principles of that ſcience, which reconciles 
(to them) ſuch apparent impoſſibilities. 


TEO. 16. 47 Evc. Lis. 1. 


In every L' & as ABC, the ſquare 
of the hypothenuſe BC, or the fide oppoſite to the 
E, is = to the ſum of the ſquares on the other 
two ſi des BA, and AC. 

fig. 16. No. 1, and 2. 


HyeoTHaes1s. | Tuksis. 
That ABC a 'A SC ANA 
A, L'dat A. 


To prove this, let ſquares be conſtructed upon 
each fide of the A (156) and poſited as in the fig. No.1 ; 
draw alſo the line FG || to DC or EB, and from the 
point A draw AE, AD; and laſtly, produce IH 
unto D. 

M Dzmox- 
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DEMONSTRATION. 


3 The [J made upon BCis = the two Us BF 


and DG, (both from conflrufion and ax. 9.) Again, 
2 The A BEA is = to half the ON upon BA, 5.6, 

to the U BK, and alſo = to half the C) B F, 

(per cor. 1, theo. 15, and 37 E. lib. 1.) Conſeq. 


3 The L BK = (7) BF, (per ax. 6) in the ſame 
manner is the LU upon AC, i. e. CH = ◻ GD, for, 
the A A DC tis half of each, (per cor. 1, theo. 15, and 37 
E. lil. 1.) But, 

4 The 7 BK is the U made upon AB, and the U 
CH is that which is made upon AC. 


5 The{_] BD made upon BC, (or BC*) is = to the 
Os BK and CH together, i. e. to the Os which were 
made upon BA and AC; or BC* = AB* + AC». 
2. E. D. 


Another Proof more ſimilar to Euclid. 


Let the Us be conſtructed as in fig. 16. (No. 2.) 
upon the ſides of the A ABC, and draw BE || to 
AF or CR, and alſo the other lines IC and BF. 


1 The L IAB = the { FAC, being both Ls (per 
ax. 10.) now, if to theſe right and Vs you add the 
common or intermediate /. BAC, then will the / 
FAB = L IAC. (per def. 64, and ax. 2.) Again, 

2 The ATAC=A FAB (per theo. 1, and 4 E. lib. 1. 
for, the lines IA, AC, and the included . IA 
in one A, is Sto the lines BA, AF, and the includ- 
ed , FAB, in the other. Alſo, 


3 The AIAC= half UAL, which was made up- 
on A B{fer cor. 1, theo. 15, and 37 E. lib. 1.) and for 
the ſame reaſon the A FA B half FZ. Conſeq. 


4 The U upon AB (or AB*) = the UF; in the 
ſame manner may the ]B X made upon BC, be proved 
= the (I ZR, or that the) ZR = BC“: for, 

* 


— 147 ] 
if lines be drawn from A to X, and from B to R, the 
argument will be the ſame, But, 


6 The fquare made upon A C, (or AC*,)is=the two 
CIs FZ and Z R. (per ax. 9.) ** 


Y AC =AB* +BC*. 2, E. D. 


For another more elegant demonſtration of this moſt 


uſeful thearem, ſee theo. 44. 


CorROLLARY. 


HENCE, not only Us, but any other $gures 
whatſoever, deſcribed upon the hypotheneuſe of a 
right angled A, will in area be equal to the areas of 
two ſimilar figures, deſcribed on the other two ſides 
taken together: for, let the figures conſlructed be As, 
(Is, polygons, trapeziums, c. as they may be reduced 
to Us, (per. 207, 208, 209, and 210.) therefore, 
the truth muſt be manifeſt. But, for a further proof 
of this cor. ſee cor. 1 to theo. 43. 


Note, from this theorem may any of the ſides of 
al.'d A be found, if the other two be known; e. g. 
if the baſe and L be given, the hypotreneuſe may 
be thus found; add the areas of the [_]s on the given 
ſides together, and the ſquare-root * of their ſum will 
be the — required. 

Again, if the hypotheneuſe and either of the ſides 
be given to find the other fide, you muſt ſubtract 
the area of the UU on the given fide, from the area 
of the U on the hypotheneuſe, and the ſquare-root of 
the difference will be the other ſide required. 


The nine following theorems are taken from the 
ſecond book of Euclid, vix. the firſt fix are regu- 
larly as they follow in Euclid, the remaining three 


* By the term ſquare root here mentioned, you muſt un- 
derſtand it is a number, which, if multiplicd by itſelf, the 
product will equal the ſquare of which it is the root; thus, 
8 is the ſquare root of 64, for 8 X 8 = 64; again, 9 is the 
ſquare root of 81, fory X 9 = 81, &c. &c. And here obſerve, 
the numbers 64 and 81 are ſaid to be ſquare numbers, See rem. 


to def. 117, where the ſquare is further explained, 
are 
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ere the 11th, 12th, and 1 3th, cach of which ( except the firl ) 
is demonſtrated two different pays, viz. Firſt, by refer- 
ence, i. e. having a reference to the figure in the plate. 
Secondly, {for the advantage of the Students of Trinity 
College) in general terms, i. e. without having reference 
to any figure. In theſe theorems, I have been careful to 
demonſtrate them as nearly after Tacquet's method as poſſible, 
becauſe, that valuable book is not now to be met with ; and, 
for the advantage of others who are not ſo particular, 
1 have, thirdly, annexed a demonſiration of the firſt fix 
theorems in numbers, whereby they will be rendered clear ; 
aud before we proceed, it will be neceſſary to premiſe the 


following particulars, or axoims : 


I. That any rgle may be expreſſed from the letters 
connected with the two lines, with which it is form- 
ed; as, if any line, as AB, be divided in C, (fig. 18) 
the rgle under its parts, viz. AB and CE, will be 
the rgle ACP, and the rgle under the whole line 
AP, and greater part AC, will be the rgle BAC; 
in all which expreſſions, the middle letter is ſup- 
poſed to be twice taken, as, the rgle in the firſt 
inſtance is a rgle- under the right lines A C 
and CB multiplied together, i c. AC & CB, &c. 


IT. Where any right line is equally divided, the rgles 
under the ſegments will be Us; and, if unequally 
divided, the rgle under the whole line and greater 
part, will be greater than the rgle under the whole 
line and leſſer part; i. c. the rgle BAC, will be 
greater than the rgle ABC, fig. 18. 


III. That all the rgles and Ls under = right lines 
are =. 


IV. That any letters connected with a line over them 
thus, AC X CB, ſigniſies alio the rgle ACB ; and 
AC* -+ CB, ſignifies the ſum of the ſquares of 
AC and CB taken together as one quantity. 


Turo. 


E 


THEO. 17. 1 Evc. Lis. 2. 


If there be taken two lines, one of them, as 
AC, divided into as many parts as you pleaſe, 
viz. \AE, EF and FC, and the other, as AB; 
undivided, the rele BAC comprebended un- 
der them both, i. e. BA x AC, will be = 
to all the rgles under the undivided line AB, 
and the ſeveral parts of the divided line AC. 

fig. 17. 

HyyoTHEs1s. THESIS. 
That AB is an undivided line Rgle BA X AC 2 
and AC is a line divided into Ręgle AE X AB + 


the parts AE, EF and FC. Rgle EF X AB -- 
2 Rygle FC X AB. 
DzMONSTRATION. 


The proof of this theorem depends chiefly, if not 
entirely, upon the conſtruction, which is as follows 
on the line AC conſtruct the CY) Al, the ſides of 
which, AB and A 1, ſhall be reſpectively = to the given 
lines AC and AB (157) thus, on the points A, E, F, 
and C, (he diviſions of the line AC) erect the Ls AB, ED, 
FG and CI, (146 caſe II.) each Sto the undivided line 
AB, and draw the line BI; now, as this — AI 
contains exactly within it the ſeveral CISAD, EG and 
FI, each under the undivided line AB, and the ſe- 
veral parts AF, EF and FC of the divided line, 
it muſt be = to them all together. (per ax. 9.) 
2. EZ. D. 

Or thus in Numbers. 

LET the undivided line AB = 6 feet or any other 
meaſure; and the divided line AC = 12, be di- 
vided into the parts 2, 4 and 6. Then, 


6 X 12 = 72 thergle under BA andAC. Alſo, 


6 X 2 = 12) Are the rgles under the undivided line 
6 X 42 15 BA =6, and the ſeveral parts of the 
6 X 6= 36) divided line AC, viz. 2, 4 and 6. But, 


4 The rgle 12 + rgle 24 +rgle 36 =rgle 72. *.* &c. 
Tuxo. 
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THEO. 18. 2 Euc. Lis. 2. 


If aright line, as AB, be divided any where, as 
in C, the U «ff the whole line, i e. AB* will 
== {wo rgles under the whole line AB, and the 


paris AC and CB. fig. 18. 


HyeoTHEs1s. Tussis. 
That the right line AB“ is di- AB! = rgle ABC 
wided into the two parts AC e BAC. 
and CB. 


De MONSTRATION. 1 by Reference. 
To prove this, let an undivided line, as F, be taken 
AB. Then, 


1 The rgle ABF, i. e. AB X F = the rgle, AC F 
+ the rgle CBF. (Per tho. 17, and 1 E. lib. 2). 
And, 

2 The line F = AB, by conſtruction, conſeq the rgle 
ABF muſt be a U, and = to the DU of the 
given line, But, | 

3 The rgles ACF and CBF (in the firit ſtep) are 
_ he rgles BAC, and ABC, i. e. to tworgles under 
the given line A B, and its parts AC and CB. +. 


4 The rgle ABF, i. . AB* = thergle A BC + the 
rele BAC. 2. E. D. 


DEMONSTRATION. 2 in general Terms, 


Aſſume a line = to the given line, which, let be un- 
divided; then the rgles under the ſeveral parts of 
the divided line, and the afiumed line (7. e. the 
given line) will = the rgle under the given line 
and aſſumed line, (per theo. 17, and 1 E. lib. 2.) 
but the aſſumed line is = to the given line. 


The letters made uſe of in the nine following theorems, 
are the fame as thoſe uſed in Wbhifton's Euclid, on purpoſe to au- 
ſwer the conveniencę of the Students in the College, * 

« 


| „ 
that rgle muſt be a U, and = to the two rgles 
under the given line and its parts. Q, E. D. 


DEMONSTRATION. 3 in Numbers, 
Let the whole line AB = 12, be divided into the 

parts AC =8, and CB = 4. Then, 

The rgle BAC (i. e. BA X AC=12 For 96. And, 

The rgle ABC (i.e. AB & BC) = 12 X40r48. But, 


96 + 48 = 144, 4. . = 12 X 12, (or, according 
to the theorem) the U of 12 = the two rgles 96, 
and 48. 2. E. D. 


Otherwiſe thus. 


Let the line AB = 11, be divided into the parts 
AC = 7.5, and CB = 3.5. Then, 


The rgle BAC = 11 X 7.5 or 82.5. And, 
The rgle BAC = 11 X 3.5 or 38.5 But, 

The rgles 82.5, and 38.5 = 121, i. e. to AB?, 
or IT X 11. 2. E. D. 


It is particularly recommended to the young Student, 
& make as many diviſions of the given line as he can, 
end fraftional diviſions in particular ; for, if he be ac- 
quainted with decimals, ſuch trials wvill be of infinite ſer- 
vice to him; as, it will not only exerciſe him therein, but 


confirm him in the knowledge of thefe moſt uſeful theorems. 


THEo. 19. 3 Evc. Lis. 2. 


If a right line, as AB, be divided any where, 
@s in C, the rgle under the whole line AB, 
and either part, as CB, will be = to the rgle 


under the parts, (viz. AC X CB) added to the 
S the other part CB. fig. 19. 


YPQ+ 


= 
HyyroTHzs1s. Tuksis. 


That the line A B is divided The rgle ABC = the 
into the two parts ACand ge ACB + CB*. 
CB. 


DEmonsTRATI1ON. 1 by Reference. 


To prove this, let a line, as F, be taken = to the part 
CB of the given line, which, let be undivided. Then, 


1 Ther Ke ABF (i. . the rgle ABC) is equal the 
rele ACF + hs rele CB F. (per theo. 7, and 17 E. 
lib. 2.) But, 


2 The line F = CB (per preparation) conſeq the 
rgle OT) = the rgle AC B, and the rgle CBF 
3e. 


3 The * ABF (i. e. the rgle ABC) = the rgle 
ACB+CB*..2. E. D. 


DemonsTRAT1ON. 2 in general Terms. 


Aſſume a line = one part, then the rgle under the 
the whole line and aſſumed line, will = two rgles 
under the parts and aſſumed line. (per theo. 17, and 
1 E. lib. 2.) But, as the aſſumed line was taken = 
one of the parts, conſeq the rgle under the aſſumed 
line and its = part, will be the [7 of that part, 
and the other rgle is under the parts. &c. QE. D. 


DztmoxsTRATION. 3 in Numbers. 


Let the whole line AB = 12, be divided into 
the parts AC = 7, and CB=5. Then, 


The rgle AC B or AC XCB=7 X5=35. And 
The OD of BC = LL $SX$5=25. But, 
35 +25 = 60, f. c. to 12 X 5. 5. Or according 10 
the be theorem, the rgle 12 & 5 5 = the rgle 7 X5- —— 
33 (7c. the I of 5). 9. Z. . 


THEo. 


C437] 


THEO. 20. 4. Evc. Lts. 2. 


If a right line, as FL, be divided any 
where, as in O, the U of the whole line wil, 
be = to two rele, under the parts + two 


Os of the parts. fig. 20. 
HvrornzEsis. THESIS. 

The line F L is divided into FL* == twice the rgle 

tzwo parts, F O and OL. »f OL+FO' + 

DtmonsTRATION. 1 by Reference. 


If the line FL was equally divided, the theorem 
muſt be manifeſt; for, the rgles under the parts muſt 
be Us, they being =, and the other two rgles, would 
be [Ls of the parts, and all together = the U of FIL. 
(per ax. 9.) „ &, But, if the line be not equally 
divided, then, 


1 The rgle FLO = the rgle FOL + OL?. | 
theo. onda ©. 2). Allo, * 


2 The rgle LFO =the rgle FOL + oO. (per the 
fame). But, 

3 The rgle FLO A the rgle LFO = FIL, becauſe 
it is FL (i. e. the whole une) multiplying its parts, 
viz. * and OL, or, the line multiplying it- 
ſelf. . 

4 FL. * S twice the rgle FOL + FO* + OL? 
(per 1 and 2). 'Q, E. D. | 


DEMONSTRATION. * 2 in general Terms. 


The rgle under the whole line, and one part, will be 
= to a rgle under the parts; + the U of that 
part (per theo. 19. and 3 E. lib. 2.) in 505 ſame 
manner the rgle under the whole line, and the 
other part, will be = to a rgle under the parts + 
the U of the other Ro but theſe two rgles 4 


[268 i] 


ther, will be = to the [U of the whole line 1 this 
will be = to two rgles under the parts + 
two Us of the parts. Q, E. D. 


DEmoNSTRATI1ON-. 3 in Numbers, 


Let the line FL = 12, be divided into the parts 
FO=8, and OL = 4. Then, 


The rgle FOL or FOXO0L=8X4=32. And, 


The rgle LOF or LO X O F=4 X8=32. Alſo, 
The Us FO & LO i. e. 8 X8&4 X 4 SSO. Which 


Us and rgles added will = 144, that is, 
to the ſquare of the whole line, viz. 12 X 12. *.* & c. 


CoROLLARY I. 
The (Is about the diagonal of a U are Us. For 
. the lines which form theſe Ls, being || to the ſides of the 
[DN will produce = [{s with the U. (per. theo. 8, and 
27 Z. lib. 1) i. e. L, and intercept = parts of the 
oppoſite fides of the L (per. def. 39.) * they will be both 
equiangular and equilateral, conſeq. Us. 

Cor. 2. The diagonal of every D biſects its (“s. 
For, in the As into which the i) is divided, there are two 
fides = and the contained {_ a right one. + the L at the 
. baſe tuft be half right ones. (per cor. 5, theo. 9, and cor. 
11. 32 E. lib. 1.) 13 


- Cor. 3. The [7 of half a line will = the fourth 

part of the UU of the whole line. For, the U of the 
- whole line wwill = the two Ui, its parts + tavo rgles under 
its parts (by thgo. 20, and 4 E. lib. 2.) but theſe rgles and 
De being under = parts, (or half the line) muſt be U and 
= each other ; *.*, one of theſe Ul, muſt be a fourth part of 
| the whole line. 


Con. 4. Every U is = to twice the rgle contained 
under one of its ſides, and half the other ſide. For, 
4 the reles into which the LU] is divided are =, but, the UI is 
to them both together, conſeq muſt be double of either. Alſo 
_eyery is = to twice an equi-angled £2 under any 
one of its ſides, and half the other. 


'Taxis- 


— 155 ] 
THEO. 21. 5 Evc. Lis. 2. 


If a right line, as Q, be equally divided 
in R, and unequally in S, the rgle under the 
unequal parts Q S and SN, together with the 
F the intermediate part RS, will = the 


A half the line. hg. 21. 
Hvrorkzsis. Tursts. 

== ap 

DzMONSTRATION. 1 by Reference, 


1 The rgle QSX = the rgle QR X SX -+ the rgle 
RSX. (per theo. 17. and 1 E. lib. 2.) And, 
2 AS QR RX) thergle QR XSX (i. e. the rgle 


RXS) will = the rgle RSX SX“. (per theo. 19. 
3 E. lib. 2). That is, 


3 Thergle QSX will =twice the 775 RSX + SX*, 
(per 1 and 2) now, if to both ſides of this equation you 
add R 8“. (i. e. the U the intermediate part.) Then, 


4 The rgle QSX + RS“, will = twice the rgle RSX 
+ SX RS“. (per ax. 2). But, 

5 Twice the rgle RSX ＋ SX* + RS will = RX*. 
(per theo. 20. and 4 E. lib. 2). +. 

6 The rgle QSX + RS“ will = R Xz (by comparing 
the arguments in the 4th and 5th ſteps) i. e. to the L 
of half the given line. 2, E. D, 


DEemonsTRATION, 2 in general Terms. 


The rgle under the unequal parts, will = a rgle un- 
der the half line and leſſer part, + the rgle under 
the intermediate and leſſer parts. (per theo. 17. and 
1 E. lib. 2). Again, the rgle under the half line 
and leſſer part, will = the rgle under the interme- 
diate and leſſer part, -þ to the I of the leſſer part; 


(per 


L 6 ] | 

(per theo. 19. and 3 E. lib. 2.) wherefore, the rgle 
under the unequal parts, will = two rgles under the 
intermediate and leſſer ＋ to the UO of the leſſer, 
Now, if to theſe s you add the of the interme- 
diate part, then the rgle under the unequal parts, 
＋ the U of the intermediate part, will = two 
rgles under the intermediate and leſſer, + the 
L of the intermediate and leſſer; but, theſe two 
rgles and Is are = to the [_] of half the given line 
(per theo. 20. and 4 E. lib. 2). &c. 2. E. D. 


DruoxsrxAriox. 3 in Numbers. 


Let the whole line QX = 12, thenQ R and RX will 
each , and let RS 2 and 8 X 4, thenQR +RS 
(or QS) will = 8. Then, 


The rgle QS X or 8 X 4, will = 32. Again, 
The © of RS or 2 X2, will = 4, which 
rgle and [] added together, will = 36, that is, 


= to the [' of QR cr RX, or to 6 X 6, the U 
of half the line. J. Z. D. 


CoroLLARY 1. 


The rgle under the unequal parts of any line, 
unequally divided, is 4% than the [7 of half the line. 
For, the rgle under the unequal parts + the U of the in- 
termediate part is == the U of the half line (per theo. 21, 
and 5 E. lib. 2.) -.* &c. . 


Cok. 2. The nearer the point of unequal diviſion 
approaches the central point, the greater will be the rgle 
under the unequal parts, and the contrary. For, by 
approaching it wwill leſſen, and by receding encreaſe, the 
UD of the intermediate part which is always the compliment of 
the rgle of the unequal parts to the Uf half the line. 


Con. 3. The nearer the point of unequal diviſion 
approaches the central point, the leſs will be the ſum 
of the Ils of the unequal parts; and the further it re- 
cedes ſrom it, the greater will be that ſum. For, the[of the 
whole line is = to to Us of the untqual parts + I 


t 


onder theſe parts. (per tho. 20, and 4 E. lib. 2.) But, the 
Paint of unequal diviſion, by appro iching the central paint, will 
enlarge, and by receding will diminiſh the rgle under the 
unequal parts, (per the foregoing cor.) muſt ac- 
cordiugly enlarge or diminiſh ihe ſum of the []s of thoſe parts. 

Cor. 4. The rgle under the unequal parts taken 
four times, will be leſs than the O of the whole line. For 
four times the U of half the line is = to the U of the whole 
line (per cor. 3, theo. 20, and 4 E. lib. 2.) But, the rgle 
under the unequal parts is leſs than the L of half the line, 
by the DU of the intermediate part (per cor. 1, of this) conſeq 
if taken four times, it muſt be leſs than the | of the. whole 

ne, by four times the [_] of the intermediate part. 


Cor. 5. If two equal right lines be ſo divided, that 
the rgles under the parts ef each line be =, then will 
the parts of one be = to thoſe of the other. For, 
if the right lines be biſeed the cor. will be manifeſt ; 
but, if not, let them be biſefed, and their halves will be =, 
conſeq the [_)s of thoſe halves will be = alſo ; but thoſe[_'s are 
== to the rgles under the unequal parts + the Us of the inter- 
mediate parts ; now, let theſe = rgles be taken away from 
both theſe Oles, and the U the intermediate part of one 
line will remain = to the Ul, the iutermediate part of the 
other, and as theſe Us are = alſo the roots or fides of 
theſe Ul, muſt be =, which ſides let be added to the = 
halves on one fide, and taken from the = halves on the 
other, and the parts of the two right lines will therefore be S. 

Cox. 6. The rgle under the ſum and difference of 
two unequal right lines, will be = to the difference of 
the Is made by thoſe two right lines. For, let them ' 
be laid in one line, which, let be produced until the whole 
line be = trite the greater. Then the rgle under the ſum 
and difference, together with the U] of the leſſer, will be = 
to the ["] of the greater. (per theo. 21, and 5 E. lib.,2.) 
i, e. the rgle under the ſum and difference, will be = the 
difference between thoſe Ut. 


1 


Tuo. 22. 6 Evc. Lis. 2. 


If a right, line as AB, be equally divided in C, 
and to it a rigbt line, as BY, be added, the rgle 
under the whole compound line AF, _ 
the 


L 1 
the part added BF, together with the U of 
half the line CB, will be = to the U of 


CF; that is, to a line compounded of the 
balf line and part added. fig. 22. No. 1, 


HyyeoTHEs1s. Tats1s, 


The right line AB is biſeed The rgle AFB + CB? 
in C, and the right line B F ef. 
is added 10 it. 


DEMONSTRATION. r by Reference, 


To prove this, let another line LA be taken = to 
BF, and added to the other extremity of AB. Then, 


1 LB S AF. (ber ax. 2) And, 


2 Thee rgle LB FC Ba, will = CF*. (ber theo. 21. 
and 5 E. lib. 2). But, 

3 The rgle LB F = the rgle AFB, becauſe, LB = 
AF. (per 1 lep). 

4 The rgle AFB + CB* = CF*. (per 2 fg). 
2. E. 


Otherwiſe thus, without the addition of LA. 
fig. 22. No. 2. 
1 The rgle AFB = the rgle CBF + the rgle 
ACX BF (i. e. the rgle CBF, for AC = BF) 
+BF® (per theo, 17 and i Euc. lib. 2.) that is, the 
rgle AFB = twice the rgle CBF + BF*, by ſub- 
Peuting the = rgles. To this add C BIT. Then, 
2 The rgle AFB ＋ CB? = twice the rgle C BF 
+ BF* + CBR. (per ax. 2). But, 
3 Twice the rgle CBF + BFz + CB? = CF*: 
(per theo. 20, and 4 E. lib 2.) . 
4 The rgle AFB + CB* = CF=. 2, E. D. 
Demon» 
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DruoxsrxATiOx. 2 in general Terms, 


The rgle under the whole compound line, and part 
added, will = two rgles under half line, and part 
added, the D of the part added, (per theo. 17, & E. 
lib. 2.) to which equals let the U of half line be 
added ; then, the rgle under the whole compound line, 
and part added, + the OJ of half line, will = two rgles 
under half line, and part added, + U of part added, 
+ the U of half line (per ax. 2); but, theſe two rgles 
and Us are == to the ◻ of a line compounded of half 
line, and part added (by theo 20 & 4 Euc. lib. 2) . the rgle 
under the whole compound line, and part added + the 
the OI of half line, will = the QU of a line compounded 
of half line, and part added. 2, Z. D. 


DEMONSTRATION. | 3 in Numbers. 


Let the line AB = 12, then AC and CB, its half, 
will each = 6, and let BF = 4 be added, conſeq. the 
compound line AF will = 16. Then, 


The rgle AFB, i.e. AFXFBori6X4= 64. And, 
Theof CB i. e. 6X 6= 36, which 


rgle and U, viz. 64 and 36 added = 100, i. e. 
to the U of CF, or 10 XK 10. 2. E. D. 


CoROLLARY. 


If three right lines be arithmetically pro- 
portional (ee def. 120.) the rgle under the extremes 
(i. e. the firſt and laſt) together with the U of the 
difference, will be = to the [_] of the mean. For, 
let the lefſer extreme and middle term be ſeverally laid 
off on the greater extreme, in which caſe you wil] have the 
difference: between the two extremes, biſefed by the extremity 
of the mean (becauſe the differences between the terms 
are =) to this biſefed line the lefſer extreme will be ad- 
ded ; wherefore by this propoſition the rgle under the whole 
compound line and the adjoining ore (i. e. the extremes) to- 
gether with the [_] of half the line (1. e. the difference) will 
be = to the U of a line, compounded of the half line and 
adjoining one (i. e. the] of the mean.) 


THEO. 


11 


Turo. 23. 7 Euc. Lis. 2. 


If a right line, at A B, be divided any where 
in C, the [1 of the whole line, together with the 
Us oneof the parts, as AC, will —= twice thergle 
BAC under the whole line, and that part toge- 
ther with the U of the other part CB. fig. 23. 


HyroTHEs1:s. Tursis. 
The right line AB, is" A Bi +A C2 = tevice 
equally divided in C. the rgle BAC+BC?, 
DEMONSTRATION. . 1 by Reference. 


1 AB? =twice rgle, BCA +BC* AC, (per theo, 
20 and 4 E. lib. 2.) And, 


2 Thergle BAC = the rgle BCA + AC2?, (per theo. 
19, and 3 E. lib. 2.) Again, | 

3 Twice the rgle BAC = twice the rgle BCA 
twice X C?, (per ax. 6.) now, if from the firſt ſtep 
you take the third, it will be 


4 AB* — twice BAC will = BC? — AC, that is, 

5 AB? + AC* = twice rgle BAC + BC? by adding 

. the UAC to one fide of the equation, and the 
double rgle BAC to the other (per ax. 2.) Q E. D. 


DeMoNsTRATION. 2 in general terms, 


The U of the whole line will = two rgles under the 
parts, + two [Js of the parts, (per theo. 20 and 4 E. 
lib. 2.) and, the rgle under the whole line and one 
part, will = a rgle under the parts , U of that part, 
(per theo. 19, and 3 E. lib. 2.) this laſt equation be- 
ing doubled, and taken fromthe firſt, will teavethe [7 
of the whole line, — twice the rgle under the whole 
line and one part, =to the U of one part, — the 
[] of the other part; them, let the [7 of the other 


* 5 * 


( 


part be added to one ſide of this equation, and the 
double rgle to the other; and the DJ of the whole 
line, ＋ the {) of one part, will = twice the rgle 
under the whole line, and that part ＋ U of the 
other part. 2, E. D. 


CokorLAR x. 


If from a right line one part be cut off, the 
O of the remainder, is exceeded by the [ls of the 
whole line, and part cut off, taken together, by two 
_ contained under the whole line and part cut off. 
or the LU of the whole line + the U of the part cut off = 
two rgles under the whole line, and part cut off + the LU of 
the other part (per this theo. and 7 E. lib. 2.) Now, 
by taking from both fides the two rgles under the whole line 
and part cut off, then will the U of the whole line + the L 
thepart cut off — two rgles under thoſe lines = the L] of the 
other part. 


THEO. 24. 11 Euc. Lis. 2. 


To cut a line, as A B, in C, ſo that the U of 


one part, as AC, ſhall be to a rgle under the 
whole line AB, and the other part CB, or, 
to cut it into extreme and mean proportion. 


fig. 24. 


Gexx. Sour. 


The right line AB. The point C, ſo thatthe rgle AB C 
or AB X BC ſhall AC. 


To find the point C, proceed thus: 


1 From the point A, draw the . AD, (146 caſe II 
which make = to AB. 2. Biſect AD in I, (1 
and draw the line IB. 3 Continue the line DA 
te G, fo that IG Wa 4 Take AG 


and 


E200 3 


and transfer it to the line AB, and it will cut it 
in C, the point required. 


DEMONSTRATION. 1 by Reference, 


1 The rgle DGA + AT IG, (per theo. 22, and 
6 E. hb. 2.) i. e. to I B*, (for IB IG). Again, 


2 IB* = AI* AgB! (per theo. 16, and 47 E. lib. 1.) 
i. e. the rele DG AAL = AB*+ AI (per ax. 2) 
here AI“ is common to both ſides of this equation, 
evherefore, taking it away there will remain, 


3 The rgle DGA = AB“, (per ax. 3). But, 


4 The rgle DGA = the rgle DA G + AG“, (per 
theo. 19, and 3 E. lib. 2.) i. e. to the rgle BAC + 
AC“, (for BA and AC = DA and AG, per con- 
firution). But alſo, obſerve OY 


5 AB! =the rgle BAC +the rgle ABC, (per thee. 
8 18, and 2 E. lib 2). Conſeq, 


6 The rgle BAC AC, = the rgle BAC + the 
rgle ABC (per ax.1, and zd, 4th, and 5th, fleps) but, 
here the rgle BAC, is common to both ſides of this equa- 


tion; wherefore, taking it away, there will remain 


7 The rgle ABC AC“. 2. E. D. 


DeMonSTRATION. 2 in general Terms, 


1 Let it be obſerved, that if the difference (between 
line ſubtending any given line, and its half, placed 
at L, and half the given line) be cut from the 
given line, it will divide it as required; from 
which expreſſion of the problem in terms, take the 
following demonſtration. 


The rgle under a line, compounded of that ſubtence 
and half line together, into the difference + the 
of half the line, will = the I of that ſubtence, 

Teer theo. 22, and 6 E. lib. 2.) i. e. to the ſum 

of the Us of the line and half line ; (the line and 

half line being at Ls, per theo. 16, and 47 E. bb. 1) 

here the U of the half line is common to both this 

* rgle and U, wherefore, by taking it away, — 

rgle 


1 


rgle will = the [7] of the whole line; but this Tgle 
will alio = the rgle under the given line, and dif- 
ference + U off the difference, (per theo. 19, and 
3 E. lib. 2) and, the U of the given line, will = 
argleunderthe given line and difference, i. e. one part, 
- a rgle under the given line and the other part, (per 
theo. 18, and 2 E. lib. 2) conſeq, if you take away 
the rgle under given line and difference, from this 
rgle and U, (it being a common rgle,) the remain- 
der, viz. the rgle under the given line and one 
part, will = the U of the difference, but the diſ- 
ference = the other part of the line, . the rgle, 
&c. . E. D. 


Note, this theorem cannot le exemplified in numbers, 
becauſe no number whatſoever can be ſo divided, that the 
role under the whole number and one part, ſhall be == 
the U of the other part; and, notwithſlanding the im- 
Falſibility of performing this in numbers, yet, the force of 
this ſedlion of a line geometrically is wonderful. 


THEO. 24, 12 Evc. LIB. 2. 


In every obtuſe L'd A, as ACB, the U 
4 the fide AC ſubtending the obtuſe C B, 
s greater than the ſum of the Us of the other 

two ſides AB and CB, by twice the rgle 

CBF, which rgle is comprehended under BC, 

one of the fides of the obtuſe L, and the line 

BF, intercepted between the L AF and the 


obtuſe L. hg. 25. 
Hrroruzsis. Tuxsis. 

The figure ABC is a A AC! is greater than 

obtuſe L d at B, and AF AB* + CB'ù, 5 

is a et fall upon CB tavice the rgle CBF, 

produced. or AC? = ABz + 


2 CBF. 


2 DENMox- 


| 
1 
1 
| 
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DrMonsSTRATION. 1 by Refertner. 


1 AC == CF* TAF theo. 16, and E. 
lib. 1). * * 1. 
F 2 


2 CF == + CB* + twice the rgle CBF (per 
thee, 20, and 4 E. lib. 2.) i. e. AC* = 
AF? + FB* + CB* ＋ twice the rgle CBF 
(per ax. 1). But, 

3 AFZ TB F* = AB: (per theo. 16, and 4) E. lib. 1). 


4 AC = AB* + CB* + twice the rgle CBF, i. e. 
AC? is greater than AB* + CB, by twice the 
rgle CBF. 2. E. D. 


DzuoxsrRATiox. 2 in general Terms. 


The U of the ſide ſubtending the obtuſe L, will = 
the [7] of a L, let fall from this ſubtence, to the 
oppoſite fide of the A produced, together with the 
of a line compounded of the produced fide and the 
intercepted part (per theo. 16, and 47 E. lib. 1.) 
Alſo, the U of this compound line will = two 

les under the produced line and intercepted part, 
X two Ils of the produced line, and the inter- 
cepted part, (per theo. 20, amd 4 E. lib. 2) but 
the of the other ſide of the obtuſe / will = the [] 
of the L + the U of the intercepted part, i. e. the 
U of the ſide oppoſite the obtuce C will = the ſum of 
the Us of the other two ſides, + two rgles under 
the produced line and intercepted part, *.* the U 
of the ſide oppoſite the obtuce J, is greater than 
the U of the other ſides, by twice this rgle, 
2, E. D. 


THEo. 26. 13 Evc. Lis. 2. 


In any A whatſoever, as ABC, the U of 
the fide AB oppoſite to any acute L, as C, is 
leſs than the ſum of the [1s of the other two 

s AC CB, (about the acute J), by twice 
the rgle BCF, contained under BC, one of thoſe 
fides of the acute L, and that part FC of the 


fame 
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ſame, intercepted between the acute L C, 
and a L. let fall upon that fide from the 


oppoſite L A. fig. 26. 
HyroTrz 1s. Tars1s, 
That ABC is a A, and BA“ oppoſite the accute 
AF a_l. let fall from the C is leſs than BC* + 
A upon the oppoſite fide AC* by twice the rgle 
BC, meetingit in F, either BCF, er BC AC! 
toit hin or without the A. twice rgle BCF + AB.. 


CASE I. Let the A ABC be any 
oblique / d A, conſeq the L. AF will fall 
within the A. fig. 25 or 26, 


DremonsTRATION. 1 by Reference. 


1 BC* + CF* = twice the rgle BCF + BF, (per 
theo. 23, and 7 E. Lib. 2) to which add A F*. Then, 

2 BO +CF'+AF* = twice BCF + BFA. 
(per. ax. 2.) But, 

3 CF: + AFz = AC?, alſo, BF: + AFZ ABR. 
(per theo, 16, and 47 E. lib. 1.) Conſeq 

4 BC + AC* = twice rgle BCF +AB*. 2. E. D. 
or AB? is leſs than BC* AC by twice rgle BCF. 
9, E. D. | 


CASE II. Suppoſe the A to be a L'd 
A,as AFB, in figs. 25 or 26, then BF will 
be the right lin? between the acute / B 
and the L AF, 


DzMoNSTRATION, 


1 AB] =AF* ＋ BF per theo. 16 and 47 E. Lib. 1) 
to which add BFI. Then, 


2 AB + BF* AFZ ＋E 2 BF, [per ax. 2.) *." 

3 AF? is leſs than the AB* + B Fa by 2 BF*. Con- 
ſequently in any A whatever, the theorem is equally 
true. 


De uox- 


1 


DxzMontsTRATION. 2 in general Terms, 


The? of the ſide on which the _| falls [produced if ne- 
cefjary ) + the [7 of line between the acute L and 4. 
will = two rgles under that fide, and that line + the 
D of their diiference {per theo. 23 © 75 E. lib. 2.) To 
both theſe =s, add the J of the .; then the ſJ 
ef the {ide on which the L falls + the U of the line 
between the acute { and L, + the U ofthe I, 
will = two rgles under the aforeſaid ſide and line „ 
the O of the per. ax 2.) But, the U of the line 
between the acute / and L, ＋＋ the Ol of the L, 
„ill = the (7 of the other fide containing the acute C, 
and alſo the [7 of the aforeſaid difference the Q of 
the L, will = the U of the fide oppoſite the acute 
L. ( per. theo. 16. & 47 Z. lib. 1.) buy ſubſtituting 
the values ef the [7 s of the ſides about the acute J, 
in the place of their s; then, will the O of the fide 
oppoſite the acute J, be leſs than the ſum of the Os 
of the ſides about the acute / , by twice the rgle con- 
tained under that fide on which the L falls and the 
line between the acute C aud L, as per theo. 


Scholium. From the above theorem may the altitude of any 
A be found, from having the three ſides knowwn, and con- 
fequently from the 16th theorem the area thus, in the As 
fig. 25 and 26, it will be by this theo. the U of the ſide 
oppoſite the acute / is leſs than the ſum of the Us of 
the two ſides about the acute , by twice the rgle 
contained under that ſide on which the L falls, and 
the line between the acute C, and a L let fall from 
the oppoſite ,, i. e. AB? ir ſr than AC? ＋ CB by 
twice the rgle BCF, wherefore, let A B be talen from 
AC? and CB*, and there will remain twice the rgle 
BCF, the half of which will = the rgle BCF only; 
now, let this rele BCF be divided by the given line B C, 
and the quotient will = the line CF“. Wherefore wwe 


For the rgle BCF is BC X( CF; i. e. BCF is the product 
of BC and CF, //ce note to def. 52) conſeq. the product divided 
by either factor as BC, the quotient will = the factor, i. . CF; 
23 muſt be evident from common diviſion, 


ſhall 


mW IS 


all have in the \_'d A CAF, the two fides AC 
and CF to find AF the L required, which, (by the 16th 
theo. and 47 Euc. Lib. 1) it will be, CA — CF 
= AF? the ſquare root of which will be AF, conſeg. 


AF X <> = the area of the G. (See prob. 64.) 
9, E. F. 


TEO. 27. 3 Euc. Lm. z. 


In any circle, as A DBE, Fa diameter A B or 
radius C B be drawn L to any chord, as DE, it 
will biſect both the chord and its ſubtended 
arch. | fig. 27. 


HyroTHts1s. Taxs1s. 


AB is the diameter of the circle 1 DF=FE, and 
AD BE, andis tothe chord 2 the arch DB = the 
DE. 98 arch BE. 


To prove this, let the radii C D and CE be drawn. 


DEMONSTRATION, 


i Inthe As DC Fand EC F, the ſides DC and C E are 
2, (per. remark to def. 14 and 15) and the fide C F is 
common to both, i. e. the ſides DC and CF in one 
A. is== to the ſides EC and CF in the other. But, 


2 The DCF che L ECF, (per cor. 3, to theo. 9 
For, the Is at Fare Ls, and the ( D the LE, 
| (per theo. 5) the A DCE being an iſoſceles A. +. 
3 The line DF = the line FE (per thee. 1,) Q. Z. D. 
in the firſt part. Again, 
1 Beeauſe in the two As DCF and E FC, the Js at 
C are (per 2 fiep.) The arches DB and BE 
Which meaſure theſe / s muſt be = alſo, for the 


quantity of degrees contained in each arch will bethe 
| Janne. {See dh, 29.) . E. D. in the ſecond part. 


CorOLLARkY 


1 


CorROLLARY 1. 


Hence, if a diameter or any radius of a circle biſe& 
any chord, the chord will be eut perpendicularly, 
For, the As DCF and ECF are congruonus to each other, 
wwherefore, the L at Fare =; conſeq L, . CF muſt 
1E 18 (3 E. lib. z.) 

Cox. 2. In = circles = chords will ſubtend = 
arches, and the contrary. For, netwithſlanding the = 
chords DB and BE are drawn in the ſame circle, yet, 
were they drawn in different but = circles, the corollary 
would be equally true. (26 and 27 E. lib. 3.) 


TO. 28. 16 Evc. Lis. 3. 


Any right line, as AB, touching a circle in the 
point C, the extremity of the diameter F C, it 
will be L to it, touch it in C and fall en- 
tirely without the circle ; and no right line can 
be drawn between the tangent and the circle 
without cutting the circle. fg. 28. 


Hvrorgzsts. Tazs1s. 


The right line AB is 1 AB r L to CF and touches the 
@ tangent to the circle circle in C. 3 

CE FC, and touches 2 The line AB will fall entirely 
the extremity of the without the circle. 

diameter FC in the 3 No right line can be drawn be- 
point C. teueen the tangent and the circle to the 

point C, without cutting the circle. 
DEMONSTRATION. 


fit be denied that C F is L to AB, let ſome other 
line as DG be drawn UL, but it will cut the circle in 
E; then becauſe the line DG is I, the L DGC 
will be a L., and the . DCG acute, (per cor. 2, 
theo. 9) conſeq the ſide DC oppoſite the greater 
L, muſt be greater than DG oppoſite the leſſer J, 
(per theo. 13) i. e. the line DC (DE) 9 


LI. 


than D G, or a part greater than a whole, which is 
abſurd, (and contrary to ax. 9) and as the ſame ab- 
ſurdity will appear by drawing a line in any other 
direction than DC, . AB muſt be L to CE. 

2, E. D. in the firſt part. X 


2 From the eonſtruction in the firſt part, ſeeing that 
DC reaches to the circumference, the line DG 
being greater, muſt reach beyond it, . the poir t 
G the extremity of DG, which is in the line AB, 
muſt te outſide the circle; and in the ſame manner 
every other point in AB, may be proved to be 
without the circle. 2, Z. D. in the ſecond part. 


3 If any right line can poſſibly be drawn between the 
— — AB and the circle to the point of contact C, 
without cutting it, let it be the line CH; draw the 
right line DI L to CH, (48) then, beeauſe in 
the A DIC the LI is a L, the line DC oppoſite 
to it, muſt. be greater than DI, which is oppoſite to 
the acute , C, (per part 2, theo. 13.) i. e. the line 
DC (SD E) is greater than DI; now, perceiving 
the lines 10 C — DE reach to the circumference, 
the line DI which falls upon CH, cannot reach fo 
far, conſeq the line CH muſt paſs through the 
circle and cut the circumference in E. &c. 

2. E. D. inthe third part. 


CoroOLLARY I. 


Hence a right line and a circle touch each other 
in a point only. For, every point in A B is entirely with- 
out the circle, but the point C, where it touches it. 13 E. Iib. 3. 

Con. 2. If any right line be drawn in a circle from the 
point of contact 1 to the tangent, it will divide the 
circle into two = parts or ſegments, and paſs through 
the center. For, was the line CF drawn in any other di- 
refion than through the center, the line AB would not 
(from the third part of this theo.) 3e L to it, 
*,* &c. 19 E. lib. 3. 

Cos. 3. Hence alſo if any 7 line touch a circle, 
and another right line drawn from the center to the 
point of contact, it will be L- to the tangent. This muſt 
be true from Cor. 2. 18 E. lib. 3. 


7 | THxd. 


| 
| 
| 


BY: EY 


Tuxo. 29. 20 Euc. Lis. 4. 
The L BCD at the center of à circle, i: 


double to the / BAD at the tircumference, 
*vhen they both ſtand on the ſame arch. fig. 29. 


HyvyroTHES 15, Trts:s. 


The / BD. Lat the IJ. BCD is double the 
center, and the { BAD ano» . BAD; that is, the 
ther at the circumference, and L BCD=32 £ BAD. 
_ 5 on the ſame arch DB. 


DEMONSTRATION. 


In this theorem there are three caſet, according to the 
poſitions of the lines of the Li. 


CASE I. When one leg of both /'s coin- 
cide, as 1n fig. 29, No: 1. 

Then the C BCD = the Ls A — D together 

being external to _ troy 9.) But the 

LAS LD ( Ben. f. +. che BD muſt 


be double the A 6. to the { BAD. 
E, K. D. 


CASE II. When the legs of the Is do not 
coincide, and the / at the center falls with - 
in the / BAD at the circumference, as in 
fig. 29, No. 2. 

In this caſe, from A, through C, draw the right line 

AE then the “. BCE will be double the 2A 

(Per caſe I of this) and for the ſame reaſon, 

the ECD will be double the EAD; but the 

L BCE + the . ECD is = the “. BCD at the 

center, . it is double the Z BAE A the / EAD, 

i. e. the C BAD at the circumference. Q. E. D. 


CASE In. When the / BCD at the cen- 
ter falls entirely without the / BAD at the 


. eircumference, as in fig. 29, No. z. 
Here, 


E 

Here, through C, draw the line A E, as in cafe II; 
then will the whole / ECD be double the whole 
L E AD, (per caſe I of this) and in fame manner will 
the ECB be double the EA; let theſe lat - 
ter Ls be taken from the former, (they being com- 
mon) and the remaining { BCD, will be double 
the remaining £ BAD. &c. Q. E. D. 


CoroLLtary 1. 


Hence any L whatſoever, as BAD at the eircum- 
ference of a circle, may be meaſured by half the arch 
which ſubtends it, or on which it ſtands. For, the . 
BCD at the center, is meaſured by the arch BD on which 
it ſtands (per rem. def. 29) conſeg the {. BAD, i. 
half, muſt be meaſured by half the arch BD. 


Cor. 2. All the Js in the circumference of any 
circle, ſtanding on the ſame arch (or which is the 
ſame thing) in the ſame ſegment, are =. For, they 
are all meaſured by half the ſame arch. 21 Z. lib. ;. 


Cor. 3. An L in a ſemi- circle is always a L. For. 
as it lands upon a 8 it is (per cor. 1 of this) 
meaſured by half that arch, which is a quadrant, or 90“. 
(per def. 30, and its rem.) 31 E. lib. 3. 


Cor. 4. An J. in a ſegment greater than a ſemi- 
circle, will be lefs than a L. For, it is meaſured by 
half the other ſegment, en which it flands, being leſs than a 
ſemi- circle, . its half muſt be leſs than a quadrant or o“. 

Part 2, 31 E. lib. 3. 

Cor. 5. An L ina ſegment leſs than a ſemi-circle, 
will be greater than a L. For, it is meaſured by the 
other ſegment on which it flands, which, being greater than 
a ſemi · circle, its half muſt be greater than a quadrant or 90%. 

Part 3, 31 E. lib. 3. 


Cor. 6. If in equal circles, the Js, whether at the 
circumference, or at the center, be =, the arches on 
which they ſtand muſt be = alſo; and the contrary. 
This muſt be true from the above corollariet. 29 E. lib. 3. 


Treo. 


L008 


Tuzo. 30. 22 Evc. Lis. 3. 


The oppoſite {.s of any quadrilateral, as 
ABCD inſcribed in a circle, are together = to 
two Ls. fig. 30. 


Hxroruntsie, Tussis. 
The fgure ABC DI LAT C=2Ls, al 
quadrilateral, inſcribed J B D =2Ls. 
in a circle 

To prove this, Jet the diagonal lines AC and BD 


be drawn. 
DEgmonsTRATION. 


I * BAD+La+/b=3ls {per thee. 9.) 
ut, 5 
2 The La == Le, alſo the { b== the / d. (per cor. 
2 theo. 29) that is, the . BAD+L{ ＋ LA 
2 LS. (Per ax. 1.) But, 
3 The { e+ { d=the £ BCD. (per ax. 9.) +. 
4 The L BAD + the / BCD=2Ls. £2, Z. D. 


From the ſame manner of argument may the. { 
ABC the ADC be proved = 2 Ls. 


Tnxo. 31. 32 Evuc. Lis. 3. 


If a right line, as AB, touch a circle, and 
another right line, or chord, as CD, be drawn 
from the point of contact C, the /BCD 
between the chord and tangent, is = tothe . 
CED made in the alternate or oppoſite . 

g. 31. 


Hvrornzsis. Tur sis. | 
AB is a tangent of the circle L BCD made by the chord 
CED and CD ira chord and tangent lines will x= the 
drawn, from the point . CED in the alternate or 
canta C. oppoſite ſegment. p 
7 


1 1 


Ia this theo. are two caſes diſtinguiſued from the peſiios 
of the chord line, 


CASE I. When the chord line is at Ls 
to the tangent, conſeq a diameter. 


In this caſe the chord line will be L to the tangent, 
and the alternate or oppoſite ſegment will theretore 
be a ſemi- circle, (per cor. 2, theo, 28) but the L 
CD E in the ſemi- cirele is a L, (Oer cor. 3. theo. 25) 
conſeq muſt be = to the { BCD, which by the 
hypotheſis is a l. &c. 2, E. D. 


CASE II. When the chord line CD falls 
obliquely, and divides the circle into two 
unequal ſegments | 


In this caſe, draw the right line C F. L to the tangent 
AB (146 caſe I) this will divide the circle into two 
== ſegments, {per cor. 2, theo. 28) and draw DF, 
then the / CDF in the ſemi-circle will be a L_ 
{per cor. 3, theo 29) and = the L BCF, which is 
aiſo a L. by conflruction ; but, the C DF / 2 
+ L, {per cor. 5, theo. 9) conſeq the L BCF 
is La- L; here the Ca is common, where- 
fore, taking it away, the remaining L 5 will be = 
to the / BCD, but the / 5 = the / CE D, (ger 
cor. 2, theo. 29.) CED = £ BCD. (per ax. 


1.) L. Z. D. 
ü were 2 the obtuſe L. AC D = the 
#tuſe {. CGD inthe leſſer ſegment, it may be done thee. 


The LACD + { BCD= 2 Ls, (per theo. 6.) 
alſo in the quadrilateral CG D E, the oppoſite / s 
G and E together = 2s, (per theo. 30) conſeq 
L ACD + Z{ BCD= che G ++ the L E; 
(per ax. 1) but the / E was proved in the ſecond 
caſe to be = the . BCD, . the remaining £ G 
. muſt be = to the LACD. 2, Z. D. 


Tkxo. 


— — — E — — —— 2 


9 


wr >. 


Turo. 32. 35 Evc. Lts. 3. 


If eny two right lines or chords as, A B and 
CD, be drawn in a circle cutting each other 


e. g. in the point E, the rgles CED and AEB, 
under their ſegments, will be =. fig. 32. 


Hyvrornzsis. THES1S. 


A Band C Dare twoehords iz The rgle CED = the 
& circle cutting eachother in E. rgle AEB. 


DEMONSTRATION. 


h this theo. are four caſer diſlinguifled 'y the inter- 
Jectien of the chordr. : | 


* 
CASE I. When the chords interſect each 
other in the center. 


In this caſe the theo. muſt be manifeſt, becauſe the 
- rgles would be under the = radii. 


CASE II. When one chord, as CD, 
paſſes through the center, and biſects the 
other AB not pafling through the center. 

hg. 32, No. 1. 


Here, becauſe CD biſects AB, it will cut it Lly 
{per cor. 1, theo. 27) now, let A F and FB be 8 
then, becauſe CD is biſected in F and otherwiſe di- 
vided in E, it will be 


1 The rgle CED + EF* = FD?® per theo. 21) i. e. 
to FB* (for FD = FB). And, 


2 FB: = EF: + EB: {per theo. 16). That is, 


3 The rgle CED + EF* = EF* +EB?, [per 
ax. 1) by E FZ is common. Conſeq taking it away, 


4 The rgle CED = EB» Wn 3.) i. e. to the rgle 


AEB; (AE being = E 


5 Thergle CED = the rgle AEB. 2. E. D. 
CASE 


3 Therge CED = the rgle AEB. . * 


1 


CASE III. When one chord, as CD, paſſes 
through the center and does not biſect the 
other AB, dut cuts it unequally. 

fig. 32, No. 2. 


In this caſe, from the center draw the right line FB, 
and alſo the right line FG 1 to AB, (146 Caſe 1) 
whichline FG will biſet AB in G, and make the 
FGBa L, (pr theo. 27.) Then 


1 Thergle CED + EF' = FD? {per theo. 21.) 1. e. 
to F B', (for FD = FB). But, 


2 FB: = FG* + GB- (per theo. 16) and for the 


ſame reaſon 

3 EFZ = FG* + GEZ. That is, 

4 The rgle CED + FG* + GE* = FG* + GBR, 
(per ax, 1) here FG* is common, and by taking it 
away trom 4th ſtep, thece will remain 


5 Thergle CED + GE* = GB?. (per ax. 3.) But, 
6 GB: = thergle AEB 
+ GE, (per theo, 21) i. e. the rgle CEB mo 
= the rgle AEB + GE*. (per ax. 1.) ++ by 
taking away the common U GE, there will remain 


7 The rgle CED = the rgle AEB. . E. D 


CASE IV. When neither CD nor AB 
paſs through the center. fig. 32, No. 3. 


To prove this, draw the diameter * F through the point 
of int, erſefion E. Then, 


! = rgle GEF = the rgle CED. (per caſe 3 of this.) 
lo, 


2 The rgle GE F = thergle AEB (per the ſame.) +. 


E. D. 
For another more el:gant demonſtration »f this tles. ſet 


part the firſt; thin, 46. 


TRko. 


— 176 ] 
Tro. 33. 36 Evc. Lis. 3. 


If from any point, as A, without a circle, there 
bedrawn two right lines, one of them, as AB, cut- 
ting it in E, and the other, A D, touching it in D, 
the rgle BAE under the whole ſecant line AB, 
and that part of it, AE, without the circle, will 
= the U of the tangent AD. fig. 33. 


HyyoTHt sis. . Tursts. 


A is @ point without a circle, from The rele BAE = 
whence the right line A Bis drawn, the] of AD. 
cutting it in E, and A D ir another | 

right line touching it in D. 


DiucoxsTATIOx. 


In this theo. there are two caſes, ariſing from the poſition 
of the ſecant line. 


CASE I. When the ſecant line is drawn 
through the center. 


In this caſe, let the right line C D be drawn from the 
center E, to the point of contact D, this will be 
to the tangent A D, (per part 1, theo. 28) and, 
becauſe BE is biſected in C, and to it AE is added. 
Then, 


"x Thergle BAE + CE* = CA (per theo. 22) 5. e. 

2 The rgle BAE + CD* CA, (becauſe CD = 
CE). But, 

3 CA S CD + AD, 
(per theo. 16.) Conſeq 

4 Thergle BAE+CD* = CD* + AD* ( per ax. 
1.) by taking away the common U, CD, there 
will remain 

5 Thergle BAE = AD*. 2. Z. D. 

” CASE 


L 
CASE II. When the ſecant line dotli not 
paſs through the center. 


In this caſe, through the centre C, draw the line AC 
and alſo the radii C D and CE, and laſtly C F biſecting 
BE in F, conſeq. the CFE will be a L. (er cor. 
t, to theo. 27.) Then, 


1 The rgle BAE + EF* = FA“, (per theo. 22.) to 
which add FC*. Then (per ax. 2.) 


2 Thergle BAE + EF + FC? = FA* + FC* 
Ci. e. to AC, per theo, 16.) But, 


3 EF +FC = EC or CD, 
(per theo, 16.) for EC = CD. Conſeq. 

4 The rgle BAE + CD* = AC), (i. e. to C Da + 
AD.) (per theo. 16.) . by taking away CD* it 
being common. 


5 'Thergle BAE = AD». (per ax. 3.) 2, E. D. 


CoroOLLARY 1. 


Hence, if from any point without a circle there be 
drawn two right lines cutting the circle and terminat- 
ing in the concave periphery, the rgle under the whole 
ſecant and part without the circle, will = the rgle un- 
der the other ſecant line and part without. For if a 
tangent line be drawn from the point, each rgle will be = to 
the U of the tangent ; . the rgles muſt be =. (per ax. 1.) 


The contrary of this cor. muſt be true; i. e. if two 
tangents be drawn to any circle from a point, without. 
the circle, their Os will be =, and the tangents alſo =, 
for if a ſecant line be drawn from the ſame point the [] of 
each tangent will be = to the rgle under the whole ſecant line 
and part without the circle, Qc. 


THEO. 34. 15 Euc. Lis. 5. 


Quantities and their like multiples, (107) have 
the ſame ratio. 


Q Hyre- 


E 


Hrrorkzsis. Tars1s. 
T he quantities 2 A 2 B are A:B::2A: 2B: 
equimultiples of A and B. 3A: zB, &c. 
DgMmonsTRATION. 


If it be denied that the ratio of A: B zA: 2B, &c. 
i. e. = to the ratios of like multiples of A and B, then 
the ratio of A: B muſt = the ratio of CM: DB, or 
ſome unlike multiples of them. {The quantities C 
and B being any quaniities at pleaſure.) Now be- 
cauſe it is (by ſuppoſition) A: B:: CA: DB, then 
by alternate ratio (i is) it will be A: CA:: B: DB. 


i. . N = 2 (per def. 113) wherein the conſe- 
quents CA and DB are not equimultiples of their 


5 9 
antecedents A and B; but the ratio of == © mot 


. B 1 
= to the ratio of 8 Y becauſe the quantities C 


and D are unequal ; conſeq the proportion A: CA 
:: B: DB is not true, neither is A: B:: CA: DB 
true, *.* the ratio of the quantities A and B, and 
their like multiples 2 A and 2 B are S, that is, 
A: B:: 2 A: 2 B:: 3 A: 3B, &c. (See note to 
def. 132.) ©. E. D. 


CorOLLARY I. 


Hence the firſt of four proportional quantities is 
ſaid to have the ſame ratio to the ſecond, which the 
third has to the fourth, when any equimultiples of the 
firſt and third being taken, as alſo, any equimultiples 
of the ſecond and fourth, for if the multiple of the firſt, 
be leſs than, equal to, or greater than the ſecond, in like 
manner will the multiple of the third be leſs than, equal 
to, or greater than the fourth, as in the quantities, 


tf $ 24 4 12 24 72 
A: B:: C: D where 2 A: 2 B:: 3 C: 3 D, and /o 
of others. ( 5 def. Euc. lib. 5.) 


Cor. 2. Hence in any ratio, if the ſame quantity 
or quantities be contained in both terms, the value of 


the 


n 


1 


the ratio, when theſe quantities are taken away, will be 


Rill the ſame, for 5 = 4 the guantily e being taken 
c 
away. 


Cox. 3. Quantities and their like parts have equal 
ratios, for a and b are like parts of Ca and Cb, (i. c. 
C Xa And C & b,) Ca:Cb=a:b. 


Cor. 4. Quantities and their like multiples, or like 
parts are proportional, for A: B:: A: B, . by 
inverſion e A: B:: A: B. (1169 

Cox. 5. If quantities be =, their like multiples or 
like parts will be alſo =, for if A == B, then will 


A cA 


EE T7" that is, the antecedents and conſequents are in a 


ratio of equality. (111.) 

Cor. 6. If the parts of any quantity be propor- 
tional to the parts of any other quantity, they will 
alſo be like parts of their reſpective quantities, and the 
contrary, for only like parts are proportional to their wholes. 

| (Per cor. 3, to this.) 

Cor. 7. What ratios are = to the ſame ratio are = 

if A:B=CA:CB ; 
to each other, for 124 er DB then will 
CA: CBS DA: DB. (11 E. Lib. 5.) 


Cox. 8. Proportions which are the ſame, to 
the. ſame proportion are the ſame to each other; 
for if A: B:: C: D ' f . 

a0 A B EF then will C: Di: E F. 
(Per cor. 7.) 


Cor. 9. If two ratios or products be , their like 


multiples by the ſame or = quantities, or by = ratios, 


will be = a'iſo; i. e. if A: B C: D, then will AE: 


BE = CE : DE, - now ſuppoſe the quantity. E = any 


other quantity, as F, then will AE: BE =CF; DF; 
and laflly, i E: F:: G: H, thenwill AE: BF = CG 
: DH, for in all theſe examples the ratios may be taken or 
con ſidered as quantities. 


THEO. 
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THEo. 35. 7 Evc. Lis. 5. 


Equal quantities A and B, have the ſame 
ratio or proportion to another quantity C, and the 
contrary; 1. e. any quantity, as C, will have 
the ſame ratio to = quantities. fig. 35. 


Hreornzen. Tar s:s. 


A and B are two = quantities, A;C;:B:C, ad 
and C is a third quantity. rien 


DemonsSTRATION. 


Becauſe A = B, then each muſt have the ſame ratio 
to C, (per cor. 4, to theo. 34) #. e. C will be the ſame 
part or multiple of A, that it is of BZ. 

for A: B::C:C. (per _ 4, theo. 34) 
and C: C:: A: B. ſame. 


C. (per ef 115. 
4 2 E. 5 


„ Az enz 

alſo C: A:: C: B. 
CoroOLLARY I. 

When the antecedents of any ratio are =, the con- 


ſequents will be = alſo. 


Con. 2. When quantities have the ſame ratio, to, 
or are like multiples or like parts of any other quanti- 
ties, they will be =, for, if A: C:: B: C, then will the 
quantities A and B be =. 


On this theo. doth the verde of ratio de- 
pend, for, fince A: C:: B: C and C: A:: C: B, (per 
this theo.) then, is this latter proportion ſaid to be the 
inverfion of the former. (def. 116.) 


THEO. 36. 


In two or more ſets of proportional 2 
the rgle under like terms are proportional. fi 8. 36. 


YPO- 
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Hvrorkksis. | Tuxsis. 
A: B:: C: D, a AE : BF :: CG: DH. 
E: F:: G: H. 


DEMONSTRATION. 
Se g. .fr ten mt AE 3 
: CG: DH. (per cor. 9, th:o. 34.) 


THEO. 37. 16 Euc. Lis. 6. 


In four proportional quantities. A. C. D. and 
B, the rgle under the two extremes, (1. e. the 
firſt and laſt will = the rgle under .the two 
means, (i. e. the middle terms.) hg. 37. 


meren Tursis. 


In ibe Cr X and Z, A: C:: The rgle AB under the 
D: B. i. e. length is to length extremes = the rygle 


as breadth is to breadth. CD under the means. 


DEMONSTATION. 


Since the ratio of A: C D: B, by hypo. then will 
the ratio A: C AB: CB, (Per cor. 4, theo. 34 
and for the ſame reaſon the ratio of D: B CD: 
CB, conſeq the ratio of AB: CB CD: CB, 
(per cor. 8, theo. 34) but, here the conſequents C B 
and CB are the ſame, *.' taking them away the an- 
tecedents AB and CD will remain =, i. e. the rgle 
AB = thergle CD. & E. D. | 


„ Note, this theo. was demonſtrated before in rꝭ m. to 
def. 117, but it was thought neceſſary to give it a more 
geometrical demonſtration here. 


CoroLLARY 1. 


Hence if the rgle or product of any two quantities 
be == to the rgle or product of any other two quantities, 
1 


2 +-»| 


then will the ſour quantities be proportional; for ſup 
pote the s X and Zbe , as was juſt proved, i. e. 


AX BS CX D, then will A and C their lengths, and 

B and D their breadths be proportional; or A: C:: D:; 
and ſuch figures are called reciprocal figures, in which 
is to be obierved, their lengths are reciprocally to each 
other as their breadths, or, the antecedents and conſe- 
quents of the two ratios are in. both figures, i. e. the 
length of X is to the length at Z reciprocally, as the 
breadth of & to the breadth of Z, i. . A: C:: D: B 
and the proportion of A: C:: D: E is reciprocal of 
the proportion A: B.: C: D. | 

Cor. 2. Hence, if any two As or s, &c. have 
their bates and altitudes reciprocal'y proportional, they 
will be = and the contrary, tliat is, if the figures be 
==, their baſes and altitudes will be reciprocally pro- 
portional“. 

Cor. 3. Hence alſo, any cs, as X and Z, having an 
{a in one S to an Lb, in the other the ſides about 
the = Ls will be reciprocally proportional, i. e. A: C 
: D: B; the ſame muſt be true of As, for by drawing 
diagonals in tht Cos oppoſite to the Lt, then will the fides 
about the = L be reciprocally proportional, as well in the 
{.s, as in the CIs, . Cc. 


TEO. 38. 7 & 36 Euc. Lis. 6. 


Any &s whatſoever, as BDE and EDC, 
and alſo ce, or BK and EL having the ſame 
altitude, or being between the ſame or equidiſtant 
le, are in proportion to each other as their baſes. 


fig. 38. 


* Reciprocal proportion being accidentally omitted among the 
definitions, it may be here explained, thus, among four propor- 
tional quantities, when the 4th term is leſs than the ſecond, by ſo much 
as the third i: greater than the If, the quantities are ſaid to be reci- 


procally proportional, as A 3 10 18:5. 
Hrro- 


g F 


„ 


HyeoTHEs18. THESIS. 
BDE and E DC are As, alſ 1 ABDE: AED C 
BK and EL are Ct having :BE:EC 
the ſame altitude, or between the 2 BBKL:CIEL : 
/ame ys GI and AL. : . 


To prove this, let the line BC be produced both ways 
to G and I, ſo that BF and FG ſhall each = BE, 
and alſo that CH and HI ſhall each = EC, and draw 
the lines FG, GD, HD and ID as in the figure. 


DeEmonsSTRATION. 


The As GDF, FDB and BDE are =, (per cor. 
to theo. 15) and fc: the ſame reaſon the As EDC. 
CD H and HDI are alſo =, conſeq the A GD E 
and its baſe GE are like or equimultiples of the A 
BDE and its baſe BE, (per def. 107) for the A 
GDE is treble the A BD E, and alſo the baſe GE, 
is treble the baſe GF, and in like manner the A 
E D I and its baſe EI are like or equimultiples of the 
A E DC and its baſe EC, wherefore it will be 
as A GDE: ABD E: GE: BE 1 
alſo A EDI: A EDC EI :EC #7 t. 
For whatever proportion is found to ſubſiſt be- 
tween the holes, the fame muſt alſo ſubſiſt between 
their like parts. (per cor. 4, theo. 34.) 


the A BDE: AE DC:: BE: EC, (per cor. 1, 
theo. 34.) 2, E. D. inthe firſt part. 


Again, as to the gs, becauſe the As BDC and 


E DC are reſpectively halves of the 2s B K and EL. 
it muſt follow, that 


ABD E: A EDC: : BK. EL. (per thee. 
34.) But, 
A BDE: a EDC:: BE: EC+ BK: EIL. 
: BE: EC, (per cor. 7, to theo. 34.) E. E. D. in 
the 2d part. 


CoROLLARY.. 
Hence, all Cs and As having the ſame or = baſes, 
are in proportion to cach other as their altitudes, for, 
& 4 57 


14 


by tating their = baſes es their altitudes ; or conſerufing 
al her Cas and As equal to them, the altitude of which ſhall 
be their equal baſes, in either caſe the cor. will be manifeſt. 


TEO. 39. 2 Euc. Lis. 6. 


In any plain A, as ABC, if any two ad- 
joining ſides, as AB and AC, be cut by a line, 
as ED, drawn || to the remaining fide CB, the 
ſegments of theſe lines will be proportional. 


ig. 39. 
HyroT#Es1s. | THESIS. 
ABCis A, the fides of which, AD: DB. 
vis. AB and A C are cut by the AE: EC. 


line DE drawn % CB. 
To prove this draw the lines EB and DC. 


DzMonSTRATION. 
x The A AED: A DEB: AD: DB, (per theo. 
38.) Again, 
2 The A AED: AEDC::AE:£EC, (per ſame) 
But, 
3 A DEB= AEDC, (per cor. to theo. 15.) +. 


4 AD:DB::AE: EC. (per cor. 1, theo. 34.) 
9. E. D. | 


COROLLARY 1. 

Hence, if any line, as DE, be drawn in any A fo as 
to cut any two ſides proportionally, that line will be 
to the remaining fide. 

1 For AD: DB:: A ADE: A DEB. /per theo. 38.) 

Again, 

2 AE: EC:: A ADE: A EDC. (per the ſame.) 
Bat, 
3 AD:DB::AE: EC. [per this thee.) Confeq 
4 AADE: ADEB:: AABE: A EDC. (per 
cor. 7, theo, 34) Wherefore, | 
: s ADE 


vs 
*. 
. 

24 
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A DEB= AEDC, {per cor. 1, theo. 35) but thee 
As have a common baſe, viz. E D, . the lines ED 
and CB muſt be ||,” (as may appear from the er. to 
theo. 15.) 

Cox, 2. When the fides of any A, as ABC, are 
cut proportionally, the fegments of thoſe ſides, viz. 
AD, AE, DB and EC will be proportional to the files; 
. % AD: AB:: AE: EC, alſo BD: BA:: CE: CA. 


8 


1 For A AED: AAE B:: AD: AB. per thee 


38.) Alſo, | 
2 A AED: AADC:: AE: AC. per fame:)-.- 
3 AD: AB.: AE: AC. per cor. 8, to theo. 34) and 
in the ſame manner it may be ſhewn that BD : BA :: 


CE: CA. . 
Treo. 40. 1 Part of 3 Evc. Lis. 6. 


If any right line, as BF, which biſefs an J. 
of any Q, as ABE, and ſhall alſo cut the baſe 
AE in F, then will the ſegments AF and FE 
of the baſe have the ſame proportion to cach 
other, that the lines AB and BE have, which 


are about the biſected L. fig. 40, 
HyyoTnEs1s. THesrs. 
BF fs a right line which bi. AF: FE :: AB: 
ſets the L Bof the AA BE, BE. 

and cut the baſe A E in F. 


* 
To prove this, draw forth AB anto D, ſo that BD 
mall = BE and draw DE. 


DEemoOxSTRATION. 


Then, becauſe the A DBE is an iſoceles by conſtruction, 
the /. e= L D, (per theo. 5) again, the external / 
AB is equal to the two internal Cs e and D, {per 
theo. g) i. e. the L b which is half ABE (by hypo.) 
ſhall = the /. D, and the La Ce for the ſame rea- 
ſon ; wherefore, BF and DE are || , {per cor. 1, to 


theo. 8) wherefore, in the A ADE, becauſe BF 
| R and 


. 
and DE are, AF: FE :: AB: BD; (per theo, 


39) but BD = BE þy conſtruction, AF: FE :: 
AS:DE 2, £D. "7 | 


COROLLARY. 


Hence, in any A, if a right line be drawn from any 


of its Cs, and cut the oppoſite fide, ſo as to make the 
ſegments of that ſide have the ſame proportion between 
themſelves that the ſides about the L have, this right 


line will biſe& the Z. Second part of 3 F. lib. 6. 


Which, if it be denied, it may be proved from figure 40, 
conſtrutted as before ; thus, becauſe A F:: FE: AB: BD, 
(i. e. BE per conflruction) B Fand D Emu be || ,( per cor. 1, 
theo. 39) conſeq the external / 6 = the internal L D, 
and the La = Le being alternate; {per theo. 8) but, 
the LD = Le, the A BDE being an iſoceles, . . 
La, conſeq the C AB E is biſected. y 


Tuxo. 41. 4 Evuc. Lis, 6 


Any triangles as ABC and abc, which are 
1 or ſimilar to each other, will have 
their ſides, which are about = Ls, and alſo, the 
ſides which are oppoſite to the = V propor- 


tional. fig. 41. 
HyyoTHnes:s. 'TrEsrs. : 
The As ABCand Cla:bc::BABCYr. e. the Ades 
abc are ſimilar. 1 * :ac:; BA 8 ee 
c:cb:;: AC CB Proportional. 
2 ab: AB:: e: BC, i. e. the fides 
oppoſite Ls are proportional. 


'To prove this, take in the fides BA and BC of the 
A 4\BC, the interval BE Sb, alſo BD = ba, and 
draw DE. 1 5 Is: 

© DEMONSTRATION. 


1 Becauſe the As B D E and bac are congruous, (pct 
Iheo. 1) the L BDE = { a, i. e. by hypo.) to the 
LA, conſeq DE is to AC, (per cor. 1, theo. 8 

herefore, ee e 

| 2 


* 
% 
7 


4 
Pl 
* 
. 
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BD: BA:: BE: BC, (per cor. 2, theo. 39.) But, 
BD=ba& BE =bc, (per cogſtruction.) Conſeg 
4 ba: BA:: be: BC, That is, 
5 bartben'BA:BC. (per iff . 


Www nns' 


In the ſame manner * may prove that ba: ac : 
BA: AC, and alſo, ac: ch :: AC; CB. 2. E. D. 


in the fan part. 

The ſecond part of this theo. mult be true from the 
matter produced in the 4th ſtep of the 1ſt part, where 
it was proved that ab; AB:: be: BC; +, &c! V Z. D. 
in the depend part... — 

— CornoLtary-') r. 

Hence As having one L in each =, and the ſides 
about thoſe = s proportional, theſe As will be equi- 
angular and ſinitlar. 6 Euc. lib. 6. 

Cos. 2, Hence alſo, all ſimilar figures, whether 
polygons or As, will always have the ſides about their 


Ls proportional, and the contrary; i. e. if the ſides 
about =Ls e the 1 will be ſimilar. 


0 | Tuzo. 49. cy 8 Eve. Lin. 6. 


In avy::right Ld A, as ABC, if aL, : 
as BD, be drawn from the L B to the oppoſite 


fide AC, it will divide the & into_twe- Os 


ADB and BD C, fimilar to each other, and 
to the whole A ABC. SCF fig. 42. 


© 9% W IJ . 


The ABC wal_'d A, 14. The As ABC, ADB, 
at B, and BD is @ right bar, bat and BDC are ſimilar to 
fall ly from the L B to the each other. 

OLIN Gr eee e — 


2 „„ o 92006? od. 


In the As ABC and ADB, the 4. A is, YT to, 
beth{ again, the L ABC the L ADB being * 
$3 


L 188 J 


Ls; wherefore, the remaining J. C will = L 
ABD, (per cor. 3, theo. 9) conſeq the A ABC is 
ſimilar to the A ADB; (per def. 75) in the ſame 
manner may the A BDC be proved ſimilar to the 
A ABC; therefore, the As ABC, ADB, ang 
BDC are ſimilar. 2, ZE. Dy, 


COROLLARY I. 


The L BD is a mean proportional“, between the 
ſegments AD and DC, for AD; DB:; DB: DC. 
(per theo. 4.1.) | i | 


Cox. 2. The ſide AB is a mean proportional between 


the ſide AC and the ſegment AD, for AC: AB:: AB 
: AD. (per theo. 41.) | 


Cox. 3. The ſide BC is a mean proportional between 
the ſide. AC and the ſegment D C, for AC: BC :: BC 
DC. (per theo. 41.) 3 


Cos. 4. Hence alſo, If a right line be let fall from 
any point of the circumference of a circle L to the 
diameter, it will be a mean proportional between the 
ſegments of the diameter; for, let lines be drawn from 
the point from which the IL falls to the extremities 4 the 
diameter, and a\_'d A will be formed, (per cor. 3, theo. 

29) conſeg by (cor. 1, of this theo.) the L will be, Qc, 


" Tro. 33. 19 Euc. LIB. 6. 
Similar As, as ABC and DEF, are to each 
other in a duplicate ratio (119) of the homologous 


fides ; 1. e. the ſides which are appoſite to, or 
ſubtend = Ls. fig. 43. 


HA mean 8 between two quantities, is that quantity, 
— ſquare of which will = the product of the two quantities; 

us, 8 is a mean proportional between 4 and 16, for 4: 8: 8 :: 
16, i. e. the ſquare of 8 (vis. 64) = 4 X( 16, &c. 
» 838 7 1 Hyps- 


i E 


Hyroruzsts. a Tugsis. 
The A AB Cand DEF A DEF: A ABC. 
gre ſimilar; and CB and FEZ: CB, that is, in 
E F, alſo, A B and D E are a duplicate ratio of the 
homologous ſides, fide EF and CB. 


To prove this in the line EF, find the point G {per 
prob. 47) ſo that GF may be a third proportional be- 
tween EF and BC, and draw the line UG, then jt 
Hill be E:. CB :: CB: GF. 


Demox8TRATION, 


1 Since the As DE F and ABC are ſimilar, (/y bypo. ) 
DF:FE;: AC: CB, /per theo. 41.) i. e. 

2 PF: AC:: FE: CB, (per def. 115) but by con- 
ſtruction, FE: CB; CB; FG. Conſeq it will 
follow, a n | 

3DF:AC:: CB: FG, (per gor. 7, theo. 34) i, e. in 

the As ABC and DGF, the ſides about the = / s 
C and F are reciprocally proportional, conſeq the As 
are =. (per cor. 3, theo. 37.) But, 


4 The A DEF: A DGF: EF: GF. ( per theo. 38) 
and the ADGF= A ABC, (per laft ſlep.) Conſeq 


5 The A DEF: AA BC:: EF: GF, butby con- 
ſtruction EF, CB and FG are three proportional 
terms, wherein, EF and FG are are in a duplicate 

ratio of EF and CB; (per def. 119) that is, E 
«FG :: ER: , ++ 2 N 


6 The A DEF: A ABC: EF; CB. 2, E. . 


CogoLLARY. 


Hence, if any three lines be proportiona', it will be 
as the firſt is to the third, ſo is any figure conſtructed 
upon the firſt, to a ſimilar figure conſtructed upon the 
ſecond, fon the lines EF, CB, and FG are proportional, 
conſeg EF: FG :: any A, U, c. made upon E F 10 a 

ſimilar A, U, Oc. made upon CB, i. e. (per def. 119) 
EF: FG:: EFI: CB-'. ä 
; 4 94 THEO. 
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TEO. 44. 20 Evc. Lis. 6. 


Like polygons ABCDE, and FGHIK, are 
divided by the diagonals into an =, No, of 
fimilar As, wiz. a, d; b, e; and c, f; in the 
ſame proportion to each other as the polygons ; 
and pulygon is to polygon in a duplicate ratio of 


their bomologous fides. hg. 44. 
HypoTHEs18. Tuazs1s. 

The polygons ABC DE 1 The polygons are divided 

and FG HIK are ſimi- into an = number of As V- 


far, and EB, EC, alſo, milar to each other. | 
KG and KH are diago- 2 Theſe As have to each 8ther © 


ual lines in each, which the ſame ratio, that polygon 

lines divide each polygon has to polygon. ar 

into QA. 3 Polygon it to polygon in a du- _ 
plicate ratio of their homola- 
gous fides, vis. A B and FG, 


i. 4. 4 AB? ; FG l. 
| | DzxMonsTRATION. |! 

1 Becauſe the Polygons are ſimilar they will be equi- 
angular, (per def. 75) viz. L ALF; L BT. 
G, &c. and the fides about the = Ls will be pro- 

portional; {per theo. 41) i e. BA: AE: GF: FK, 
the As a and dare ſimilar, per cor. 1,theo. 41) in the 
fame manner the As « and f may be proved ſimilar; 
again, the / CBA = L HG F 7per def. 75) from 
both take the = Ls ABE and FGK, and the re- 
maining Js EBC and KG H will be = alſo, in 
Ike mannes the Cs ECB and K HG may be proved 
=, and the C EBS AHK G {per cor. 3, theo. 9) 


. conſeq the As and c are ſimilar; . the polygons 
are divided into an number of ſimilar A2. E. D. 
in the firſt part. 45 5 

2 Becauſe the As a and d are ſimilar, the A-a: A A 
: EB“: KG, /per theo. 43) for the ſame reaſon the 
Ab: O.: EB: KG, conſeq Aa: ä 
A 
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Ae, {per cor. 7, to theo. 34) in the fame manner 
it may be ſhewa that the Ac: Af : Ab: Ar; 
but, as the whole polygons are = to the ſum of their 
reſpectire As, . as any one A in one polygon, 
(viz. the A a/ is to it a ſimilar A in the other po.y- 
gon, (viz. the Ad) ſo is the ſum of all the As in 
one polygon to the ſum of all the As in the other; 
i.e. as A: A:: polygon to polygon. E. D 
in the ſecond part. 
3 Becauſe Aa: AA:: AB“: GF*; (per theo. 43) i. e. 
in a duplicate ratio of their like ſides, aud as the 
proportion of polygon to polygon is, as Aa: Ad 
as was ſhewn in the ſecond part, . polygon : polygon 
: AB*: GF, i. e. in a duplicate ratio of their like 
ſides. 2, E. D. in the third part. 


\  , CorOLLARY 1. 

Hence, all reguldr polygons or ſimilar figures what- 
ever, as equilateral As, Us, &c. are to each other in 
a duplicate ratio of their like ſides. 


From ti cor. the 16th theo. or 47 Enclid lib. 2, 
is univerſal, for not only Os but whatever ſimilar 
tigures are made upon the ſides of any L'd A, 
the area of that on the {ide oppoſite the L. will be = 
to the ſum of the areas of thoſe ſimilar, figures 
made on the legs about the L.; for, the figures will be 
ts each other in a duplicate ratio of their like ſides; i. e. as 
the Us of the ſides of the Q, &c. | 


Cor. 2. Hence alſo, if the ſides of any ſimilar fi- 
gures which are between the s be known, the pro- 
portion of the figures is alſo known; thus, if the fide of 
one figure be 2, and that of the other be 6, thin it will be 
:2 :6:: 60a third proportional, via. i8, conſeq the pro- 
portion of figure to figure will be as 2 : 18 or as 1 to 9. 

Cor. 3. Hence, may all re&lincal figures whatſo- 
ever be increaſed or diminſhed in a given proportion 
for, take a line as muchgreater, or leſs, than one of the ſides of 
the figure its le increaſed, Hr. as the given propuriion, and le- 

wy ei abc 


4 


1 
teen that line, and the fide of the given figure find a neun 
proportional (per prob. 49) on which mean proportidndl, 
conſlruct a ſimilar figure (per prob. 46) and that will be 
the figure which was required. (See prob. 56.) 


THE0. 45. 47 Evuc. Lis. 1*. 


In all L As, as ABC, the U of the Hypo- 
thenuſe or fide oppoſite the L is = to the um of 
8 


the [Ns of the other two fades. 45. 
HyeoTHEs1s. Tuzsis. 
The figure ABC i a AC: = AB*+BC:e, 


Ld A, I'd at B. 


To prove this conſtruct Is on the three ſides {per 
prob. 12) and draw the line BD L to AC, which pro- 
duce to F. Then s 


DzMoNSTRATION. 

i AC: AB:: AB: AD, (per cor. 3, Beo. 42) Conſeq 

2 ACXAD AB, 5:7 the OB AF = A;, 
(per theo. 37.) Again, 

3 AC: BC:: BC: DC (per cor. 2, theo. 42.) Conſeq 

4 AC x DC = BCz, i. e. the ca FC = BCz. (per 
theo. 37.) But, 

5 2) SAFT HEC. (per conftruftion and theo. 
18.) *.* 

6 AC = ABz + BC*: (per 2d and 4th fteps.) 

E E. B. 


THEO. 46. * 


If in a circle two chords, as AB and CD, in- 
terſect each other in E within the circle, (by 


* This is the 16th theo, damonſtrated another way agreeable 


to promiſe in page 47. 
pro- 


LS: 
prolonging them) without the circle the rgles un- 
der their ſegments terminated by the circumfer- 
ence and their inter ſection will be S. fig. 46. 


Hrrorugsis. Tazs.. 
AB and CD are two chords in The rele AEB —= 
a circle cutting each other in E, rele CED. 
either within or - without the | 
circle, | „ 
Druons TAT ion. 


Firſt, when the chords interſect within the circle (as 
in fig. 46, Ne. 1) this muſt be true (per caſe 4, theo. 
32) but, for another proof, as promiſed in page 175s 
let the line BC and A D be drawn as in the figure, 
then the As BEC and DEA are ſimilar, for 
the Cs at E are =, (per theo. 7) and the { c the 
LA, (per cor. 2, theo. ag] and for the fame reaſon 
the  B= D, conſeq, AE: CE :: DE : BE 
3 r) * AEXEB ='CE Xx ED, (per 

37) Ne: the rgle AEB = the rgle CED. 
YU LOL > 5 4450 & rt 

Secondly, When the chords. on being produced in- 
terſe each other without the circle, (as in fa. 46. 
Ne. 2) then the As BEC and DEA are ſimilar, 
for L is common and . B = . D, (per cor. 2, 
theo, ag) \conſeq the remaining s A and C muſt be 


(per cor. 3, theo. 9) . (per theorems 41 and 37. 
Silke fed k whe rgle NEB = the 2 CED. 


THEO. 47. 
in à circle two right lines or chords, AB 
* CD, interſec . other, at in E, their L. 
inclination, viz. BE C and AED is meaſured 
* the ſum of the intercepted archer, AC _ 
and D. | | ; x fig. 47- 
1 Hvro. 


( — * 
22 od — —— —̈—ñ2— 
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HyroTars1s. Tursis. 
A Band CD are two L BEC er AED ir mea- 
. chords in a circle inten- ſured by half the ſum of the 
ſefing each other in E. arches AD and BD which 
ſubtend them. 
Dx MONSTRATION. 


Let the line BD be drawn, then will the CEB = 
L. a + Ce, (per theo. 9) but the L @ is meaſured 
by half the arch BC cor. 1, theo, 29) and the 
Cc is meaſured by half the arch AD (per the ſame) 
the Z BEC (= £$ à and c) or its = AED 
is meaſured by half the ſum of the arches Me! and 
AD. (per theo, 7. V n 


Tro. 48. 


J. any right line, as BE, biſef any L. of a G, 
a: ABC, and meets the oppoſite fide, the U of 
the ſaid. line will = — — under the ſides 


about the biſected L, viz. AB X BC, — IP 
rgle under the ſe Ws e 
Bead £, viz, 2 8. n . 43. 


ee t! b Alan 
i eee L Dub BE = . AB 
the line BE, which BS -A AE 
. ad: AC in E. XEC. 


To prove this, about the A deſcribe a circle (per 
ppb. 20) and continue the line BE to D and join CD, 
then will the As AB E and DBC be ſimilar, for the 
fx A and D ate =, (Fer cor. 2, theo, 29) and the s 
ABE and DBC. are , by hypo. conſeq the re- 
waining Ls C and E are . (per cor. 3, theo, g.) 

Dimon- 


LI 


| DzMONSTRATION. | 

1 AB: BE DB: BC, (per aleo. 41.) Conſeg 

2 ABX BC=BE X DB, (per theo. 37.) But, 

= BE x DB= DEX BE + B=, 
(per theo. 19.) Wherefore, 

4 ABXBC= DE X BE X BE2?, (per ax. 1.) But, 


5 DE XBE=AE X EC, (per theo. 
32.) Conſeq 


6 ABXBC=AE X EC+BE?, {per ax. 1.) +. 


7 BE =AB X BC—AE XEC, (per ax. 3) ii e. 
by taking the rgle AE X EC from both ſides of the 
equation“ in the Gth ſtep. ©, E. D. 


„„To areader unacquainted with algelra, the lafl fie 
of this demonſtration muſt appear difficult ; i. e. where the rgle 
AE X EC is taken from the 6th flep in order to make this 
clear to ſuch a reader,” he muſt obſerve, that to take any quan- 
tity from another repreſented by letters as above, algebraifte 
always place the quantity to be fubtra#ed, with a negative gs 
before it in a new ſtep, as in the above demonſlration (lep 7) 
evhere it is plain, if the rgle AE X EC, be talen from BE* 
in the 6th ſtep, the U BE will be left alone as it is in the 11h 

flep, and to ſubtraft the rele AE X EC from AB X BC 
it ts done, by writing the rgle AE X EC after the rg 
AB X BC from which it is to be ſubtracted, with the nega- 
tive ſien — minus before it, which expreſſion ſignifies that i 
muft be confidered as taken away from the rgle before it, (ſer 
the explanation of the ſign — minus in page 48) for # 
muſt be clear to any reaſonable perſon, that a negative inits 
ature will always d:flroy an affirmative ; therefore, to tale 


* By both fides of the tion, is to be underſtood, the quan- 
tities on each fide of the Gm of equality (=) 5. . the quantity, 
orrgle AB X BC is on one ſide, and the quantities, viz. the 
rgle AE X EC and BE* are on the other fide of the ſign; 
when the ſign of equality (=) is placed between any quan- 
tities, the expreſſion produces an equation. Sec obſervation after 
the ſign = in page 50. 

a 


c 6 3 1 

, any quantity already affirmative as in the above in- 
Pane, is nothing more than to place the negative fign before 
it as above. The reaſon why the rgle AE X EC i talen 
away from the 6th flep, is thir, to leave BE alone, as the 


he he theorem requires, and doing the other 
* 
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